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Often, experimental spectra with only partially resolved rotational structure are observed. In such cases,
determination of potential energy curves for the corresponding electronic states might be not as reliable
as in the high resolution studies. In this paper, we estimate the uncertainties of the potential energy curve
parameters, obtained from spectra with partially or not resolved rotational structure, where both
frequencies and intensities are fitted. As an example, recently reported excitation spectrum of the B31
(53P1) X10+(51S0) electronic transition in CdAr van der Waals complex is used. Two types of Morse
functions are used to model the excited state potential, but method can be readily extended to more com-
plex potential functions. It is shown, that for reliable estimation of the uncertainties of given potential
function one should take into account the possible variation of the transition dipole moment function.

� 2016 Elsevier Inc. All rights reserved.
1. Introduction

After the first successful demonstration of the Inverted Pertur-
bation Approach by Kosman and Hinze [1], and Vidal and Schein-
graber [2], description of spectroscopic observations in diatomic
molecules through direct solution of the radial Schrödinger equa-
tion by means of potential energy curves (PEC) has become a com-
mon practice. Initially, the researches concentrated on the
functional form of the PEC and several analytic (see for example
Refs. [3–6] and references therein) and pointwise approaches [7]
have been proposed, trying to satisfy the following goals: flexibility
and universality, compactness, proper asymptotic behaviour, and
small interparameter correlations. Later on, methods for global
deperturbation have been developed and complex molecular
spectra have been fitted by using coupled channels calculations
with PECs of the interacting electronic states as fitting parameters
(for example [8–11] and references therein). One of the many
advantages of the PEC over the traditional molecular constants as
a model is the ability to predict not only the energy structure,
but also to calculate line intensities and line shapes for Feschbach
and shape resonances, and predissociated lines. In some cases, the
line intensities are valuable experimental information which also
can be used when fitting the PECs of the associated electronic
states [11–13].
Very often, the models are considered only as means to describe
the experimental observations within their uncertainty or at most
to predict unobserved line frequencies or intensities. To our under-
standing, this approach underestimates the power of the PEC
concept, because the PEC bridges the experimental frequencies
with unobservable physical quantities like equilibrium distance
Re, potential well depth De, long range coefficients C6, C8, exchange
energy etc., and their uncertainties which can be obtained after
careful analysis of the fitting results. In some cases, when the
experimental data are sparse, it may be important to estimate
the uncertainty of the potential curve itself. This is a complex prob-
lem and, although attempts have been made to approach it [2,14],
still work needs to be done because the full uncertainty of the PEC
should take into account not only the experimental errors, and the
distribution of the experimental data but, what is more important,
the limitations due to a particular functional form of the PEC.

In this article, we discuss the problem of the uncertainty of the
PEC parameters in a very simple case, where the experimental
observations (both frequencies and intensities) may be modelled
by PECs with Morse shape

UðRÞ ¼ De 1� expð�bðR� ReÞÞ½ �2: ð1Þ
Such situations are not unusual and often happen in the studies

of weakly bound van der Waals (vdW) molecules (Hg2 [15], CdAr
[16], CdNe [17], Cd2 [18]). Occasionally, the rotational structure
of such spectra is not fully resolved (may not be resolved at all)
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and one wants to study what is the maximum information about
the PECs which can be gained from such data. Since line intensities
are used in the fit, a possible variation of the transition dipole
moment (TDM) should be taken into account. Usually, when abun-
dant and accurate energies or line frequencies are available, the
potential form can be fixed and the line intensities are not useful
as experimental data. In cases with little information about the
energies (few lines, unresolved structures), the role of line intensi-
ties increases, but one should take into account a second model
function M(R) for the TDM. It is particularly interesting to study
the correlation between the shapes of the PEC and the TDM. The
problem, addressed in this article is in close relation to the problem
attacked in Ref. [19] by Tellinghuisen. There, the Author retrieves
molecular constants from congested piece of the spectrum, cover-
ing a single rotational band in I2. The Author proves that in most
cases the ‘‘total spectrum fit” is comparable and even better that
the traditional approach, called there the ‘‘measure-assign-fit”
[19]. In the same article, the Author has found that the uncertain-
ties, estimated from the variance-covariance matrix are usually
reliable, except for some cases of heavily overlapping branches,
where these estimates are several times those from Monte Carlo
analysis. Contrary to the analysis from Ref. [19], the main goal of
this study is not to estimate the correct uncertainties of the poten-
tial parameters, but rather to demonstrate the influence of the par-
ticular choice of the model function and the importance of taking
into account the TDM function.

The approach proposed in this article is relatively time consum-
ing, but straightforward to apply and can be easily extended to
more complicated potential forms. It is similar to the Monte-
Carlo simulation of synthetic experimental data [20] used in [21]
for estimation of the uncertainties of the long range coefficients
in the ground state of Ca dimer. Here, the procedure starts with
Morse potentials for the upper and lower electronic states, which
describe the experimental observations. Usually, this is a sequence
of vibrational bands with partially resolved rotational structure
starting from the lowest vibrational level (t00 = 0) of the lower state.
The successfully fitted potentials allow for calculation of the
expected line positions and line intensities, and given the appara-
tus function of the experimental setup, the simulated spectrum
should agree with the observed one within the estimated experi-
mental errors in the least squares sense. Since the fit is not linear
and a large number of overlapping lines appear in the spectrum,
one should be careful when using the matrix of variances and
covariances to estimate the uncertainties of the fitted parameters
[19]. One possible alternative is to generate synthetic experimental
data starting from the fitted potentials with exactly the same
structure as the real experimental data and, after adding random
noise, to fit another pair of potentials. This procedure can be
repeated several times (usually several hundred). The parameters
of the fitted potentials will be distributed around the initial values
and their uncertainties can be obtained from this distribution
[20,21]. In this article, a somewhat simpler approach has been
adopted. One synthetic spectrum was initially generated from
the best experimental potentials. Then, one of the potential param-
eters was changed with a small fraction and kept fixed while the
rest of the parameters were refitted. The same parameter was fur-
ther increased and the other refitted until the root-mean-square
deviation of the fit exceeded a certain limit. In this way, the possi-
ble variation of each parameter can be found that influence the fit
quality can be compensated by appropriate changes of other
parameters. This approach is not as comprehensive as the tradi-
tional Monte-Carlo analysis [20], but it is faster and sufficient to
find the uncertainties due to correlation of the fitted parameters,
which is the main subject of this study.
2. The applied procedure

In the tests employed here, an electronic transition in close sim-
ilarity to the B31ð53P1Þ  X10þð51S0Þðt0  t00 ¼ 0Þ transition in
CdAr complex has been chosen. The transition was recently studied
in our laboratory in a molecular beam experiment [16]. In the sim-
ulation, we used the first nine vibrational components t0 ¼ 0� 8 of
the electronic transition originating from the single t00 ¼ 0 level in
the ground state. The potential energy curves of investigated states
along with the TDM corresponding to the transition are presented
in Fig. 1. Due to very small influence of the isotopic shift, to sim-
plify and speed up the simulations, only the most abundant iso-
topologue 114Cd40Ar was considered. The ground state of the
molecule is known from previous studies, so only the excited state
potential was fitted and the TDM function was included as a sec-
ond model function. Especially, large correlations were expected
between M(R) and Re i.e., manipulation of the TDM can, at least
to some extent, compensate changes (so, also to increase of the
uncertainty) of the Re. This effect is especially important in the case
of spectra with not resolved rotational structure. In this study, the
TDM function, M(R), is presented as a natural cubic spline function
[20] calculated using four node points [Ri,Mi] and the Mi values
have been treated as fitting parameters. The chosen grid for the
M(R) is from 2 Å to 8 Å and it is sufficient to enable spline represen-
tation of a large variety of smooth TDM functions.

Two types of studies have been performed. In the first one, the
model potential function was the same as that used to simulate the
reference spectrum. It was either simple Morse or modified Morse
function defined as:

UðRÞ ¼ De 1� expð�bðR� ReÞ þ b2ðR� ReÞÞ½ �2; ð2Þ

where the simple Morse function corresponds to the case with
b2 = 0. In the second study, the reference spectrum was generated
with one of the Morse potentials (simple or modified), but the fit
was performed with the other type. Here, we studied how the
increased (or decreased) flexibility of the model function influences
the uncertainties of the parameters.

All simulations presented here were performed using a C# code,
which calls LEVEL program [22] as an external routine. Given the
ground and excited state PECs, and the TDM function M(R), LEVEL
calculates the transition frequencies and intensities of rotational
lines (assuming a Boltzman distribution and rotational tempera-
ture of 10 K) in several vibrational bands of the electronic transi-
tion. The simple Morse potential was passed to LEVEL as an
analytical function while the modified Morse potential (Eq. (2)),
was passed to LEVEL as a series of equidistant points separated
by 0.1 Å, which were subsequently interpolated in the program
by a cubic spline routine [22]. The M(R) was passed to LEVEL as
four points, which were subsequently interpolated also by the
cubic spline routine. Given the input data, LEVEL returned a list
of rotational transition frequencies and intensities for a specified
range of vibrational (t) and rotational (J) quantum numbers. To
convert the list into a spectrum, each transition frequency from
the list was convoluted with a Lorentz function (FWHM:
DLor = 0.3 cm�1 or DLor = 1 cm�1, corresponding to synthetic spectra
with partially resolved and not resolved rotational structure, respec-
tively). At this point, it is necessary to explain that two different
FWHM’s were used in order to observe the influence of resolving
of rotational structure on the uncertainties of PEC parameters. Lor-
entz function was chosen to simulate the line broadening associated
with a spectral bandwidth of the laser beam which excited mole-
cules from the ground to excited state. The intensities in the final
spectrum were calculated in 10,000 points, Ii, spanning the range
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Fig. 1. Interatomic potentials of considered electronic states, which are similar to
experimental potentials of B31(53P1) and X10+(51S0) states in CdAr molecule (red
and black potentials, respectively). Vibrational energy levels of the t00 = 0, t0 = 0 and
t0 = 7 are shown along with corresponding wave functions calculated using LEVEL
program [22]. Example of the transition dipole moment is also shown (blue line).
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Table 1
Uncertainties of the simple Morse potential (Eq. (1)) parameters for two different
resolutions assumed in the reference spectrum, the values of the uncertainties in
parentheses were obtained when the whole TDM was fixed to unity and not fitted.

Parameter Pi Value of Pi Uncertainty at
DLor = 1.0 cm�1

Uncertainty at
DLor = 0.3 cm�1

Re [Å] 5.0500 0.013(0.0031) 0.0044(0.0026)
De [cm�1] 55.000 0.040(0.041) 0.019(0.020)
b [Å�1] 0.9880 0.0015(0.0016) 0.0005(0.0006)
M (R = 2 Å) 1 0.24 0.082
M (R = 3 Å) 1 0.20 0.045
M (R = 5 Å) 1 0 0
M (R = 8 Å) 1 0.34 0.019

Table 2
Uncertainties of the modified Morse potential (Eq. (2)) parameters for two different
resolutions assumed in the reference spectrum, the values of the uncertainties in
parentheses were obtained when the whole TDM was fixed to unity and not fitted.

Parameter Pi Value of Pi Uncertainty at
DLor = 1.0 cm�1

Uncertainty at
DLor = 0.3 cm�1

Re [Å] 5.0500 0.012(0.0032) 0.0043(0.0037)
De [cm�1] 55.000 0.042(0.040) 0.019(0.020)
b [Å�1] 0.9880 0.0015(0.0015) 0.0005(0.0006)
b2 [Å�2] 0.01 0.0029(0.0029) 0.0010(0.0010)
M (R = 2 Å) 1 0.13 0.054
M (R = 3 Å) 1 0.097 0.037
M (R = 5 Å) 1 0 0
M (R = 8 Å) 1 0.12 0.046
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from 30,690 cm�1 to 30,740 cm�1 and they were normalized to have
intensity equal to 1 at the highest peak. In order to approach the real
experimental conditions, to each calculated intensity Ii, normally
distributed random noise with a standard deviation of r = 0.007
was added.
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Fig. 2. Noised reference spectrum (black) and its simulation (red) performed for
fixed R0e ¼ 5:045 Å (DR0e ¼ 0:005 Å) which corresponds to v2 near the acceptance
threshold. The reference spectrum was computed for DLor = 0.3 cm�1. Trace below
(blue) shows the residual plot. The parameters of the reference spectrum were

3 3 1 þ 1
3. Assessing of parameters uncertainty in case of known model
function

In the first type of study, the reference (or experimental) spec-
trum Iexp(v) was computed under the assumption that the potential
of the excited electronic state is represented by a simple or modi-
fied Morse function [see Eq. (1) or Eq. (2), respectively] and that M
(R) is constant.

The model potential function has the same form as that used for
the reference spectrum. The difference between Iexp(v) and the
spectrum Isim(v) simulated with the fitted set of parameters P is
assessed by v2 defined as:

v2 ¼ 1
N

XN

i¼1
ðIsimi � Iexpi Þ

2
: ð3Þ

For the initial potential parameters Pini, v2
0 is equal to the varia-

tion of the noise which is about 5� 10�5. In the next step, one of
the parameters, Pi, of the upper state potential is modified by a
small value DPi [so that Pi ¼ ðPini

i þ DPiÞ] and the remaining param-
eters are iteratively fitted as well as the MðRÞ using the gradient
descent method in order to obtain the best agreement between
the simulated and reference spectra. After few iterations, the fit
converged to a new value of v2. DPi was gradually increased and,
when v2 exceeded a given limit (in this study we set it to1

1.2v2
0), the procedure was finished and it was considered, that

further increase of Pi will lead to simulation, which is significantly
different than the reference spectrum. The fitting procedure always
started with values of the remaining parameters used in the
reference spectrum. The whole procedure was performed for both
1 For 1.2 v2
0, the fit quality is visually worse when judged by the residuals. This

value does not have any statistical meaning. It is chosen to have similar estimate for
all simulations.
positive and negative values of DPi, and the obtained range between
the limiting values [DPmin

i ,DP
max
i ] was considered as the uncertainty

range of Pi.
Tables 1 and 2 collect the final results from the first type of the

study. As expected, the uncertainties of Pi are higher at lower res-
olution (compare columns 2 and 3). The TDM function is deter-
mined up to an arbitrary scaling factor, therefore, it was decided
to fix its value to MðRÞ ¼ 1 for R = 5 Å. In order to demonstrate
the importance of including the TDM in the fit, the value of the
uncertainty in parenthesis is obtained when the whole TDM was
fixed to unity and not fitted. The correlation between the Re and
the TDM is obvious and the effect is more pronounced at the
lower resolution. By neglecting the possible variation of TDM, the
chosen to make its similar to the B 1ð5 P1Þ  X 0 ð5 S0Þðt0  t00 ¼ 0Þ transition in
CdAr. Inset shows details of the spectra for the t0 = 2 t00 = 0 band. (For interpre-
tation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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Fig. 3. Noised reference spectrum (black) and its simulation (red) performed for
fixed D0e ¼ 55:042 cm�1 (DD0e ¼ 0:44 cm�1) which corresponds to v2 near the
acceptance threshold. The reference spectrum was computed for DLor = 1.0 cm�1.
Trace below (blue) shows residual plot. The parameters of the reference spectrum
were chosen to make its similar to the B31ð53P1Þ  X10þð51S0Þðt0  t00 ¼ 0Þ
transition in CdAr. Inset shows details of the spectra for the t0 = 0,1 t00 = 0 bands.
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Table 3
Results of fitting the reference spectrum (obtained with using the modified Morse
potential) by the simple Morse potential for two different resolutions of the reference
spectrum (DLor = 1.0 cm�1 or DLor = 0.3 cm�1).

Parameter Pi Value of Pi Fitted values of
parameters for
DLor = 1.0 cm�1

Fitted values of
parameters for
DLor = 0.3 cm�1

Re [Å] 5.0500 5.079 ± 0.010 5.062 ± 0.022
De [cm�1] 55.000 54.835 ± 0.076 54.815 ± 0.082
b [Å�1] 0.9880 0.9769 ± 0.0030 0.9755 ± 0.0027
b2 [Å�2] 0.010 � �
M (R = 2 Å) 1 0.65 ± 0.27 0.066 ± 0.048
M (R = 3 Å) 1 0.49 ± 0.20 0.54 ± 0.17
M (R = 5 Å) 1 1.00 ± 0.00 1.00 ± 0.00
M (R = 8 Å) 1 1.33 ± 0.44 1.956 ± 0.660
v2 5:15� 10�5 1:47� 10�4 6:92� 10�4

Table 4
Results of fitting the reference spectrum (obtained with the simple Morse potential)
with the modified Morse potential for two different resolutions of the reference
spectrum (DLor = 1.0 cm�1 or DLor = 0.3 cm�1).

Parameter Pi Initial value of Pi Fitted values of
parameters for
DLor = 1.0 cm�1

Fitted values of
parameters for
DLor = 0.3 cm�1

Re [Å] 5.050 5.051 ± 0.013 5.0511 ± 0.0042
De [cm�1] 55.000 55.001 ± 0.038 55.011 ± 0.025
b [Å�1] 0.9880 0.9881 ± 0.0038 0.9887 ± 0.0012
b2 [Å�2] 0.0 0.00005 ± 0.0019 0.00041 ± 0.00083
M (R = 2 Å) 1 0.75 ± 0.17 0.1798 ± 0.0063
M (R = 3 Å) 1 0.90 ± 0.19 0.692 ± 0.052
M (R = 5 Å) 1 1.00 ± 0.00 1.00 ± 0.00
M (R = 8 Å) 1 0.69 ± 0.17 0.162 ± 0.043
v2 5:18� 10�5 5:23� 10�5 5:50� 10�5
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estimation of Re uncertainty may be by a factor of 4 smaller (see
Table 1). The uncertainties of the remaining potential parameters
Pi are much less affected by the TDM. It is also interesting to see
that possible variations of the TDM parameters are, at most, within
±25% (see Table 1). There is virtually no difference between the
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Fig. 4. Results of the fit of the reference spectra obtained with the modified Morse potential by the simple Morse potential. Red and black traces in (a)–(d) present the
reference spectra and simulations, respectively. Blue traces at the bottom of each part show residual plots. (a) and (c) Results of simulations when the quadric term b2 is
omitted, without refitting the Re, De, b and the TDM. (b) and (d) Results of simulations after fitting the parameters (for values of parameters see Table 3). (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)
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uncertainties estimated for a simple Morse and modified Morse
potentials. Figs. 2 and 3 present examples of comparison of refer-
ence spectrum with the simulation performed for parameter R0e
and D0e close to the threshold limit. It is important to emphasize,
that the simulation seems to be in high agreement with the refer-
ence spectrum. Minor differences are visible on the residuals plots.
4. Assessing of parameters uncertainty in case of an unknown
model function

In the second type of study, the model potential function differs
from that used for the reference spectrum. The results of simula-
tions are collected in Tables 3 and 4. Table 3 summarizes the
results when the reference spectrum was simulated assuming a
modified Morse function and fitted with a simple Morse model.
As one can see, the model potential is not able to describe the
‘‘experimental observations” within their resolution. When DLor =
1.0 cm�1, the best v2 is five time larger than in Table 2, and when
DLor = 0.3 cm�1, v2 is ten times larger. From Fig. 4 one can see, that
in the case of spectrum without resolved rotational structure using
a simpler representation of potential may be still acceptable
because the residual plot shows high level of agreement between
simulated and reference spectrum. In case of the reference spec-
trum with resolved rotational structure, there are stronger discrep-
ancies between both spectra, so using a simplified potential
deteriorates the quality of simulation, but in practice without prior
knowledge of the PEC’s form, such an agreement might still be
acceptable. The uncertainties of the fitted parameters shown in
Table 3 are higher than that in Table 1, but it is associated with
the poorer quality of the fit (thus, the allowed variation of DPi is
larger) rather than with larger interparameter correlations. One
also can notice that the use of less flexible model leads to param-
eter values (for example Re) which are systematically shifted from
the ‘‘true” ones. The overall shape of the TDM function is signifi-
cantly different from the assumed M(R) = 1.

In Table 4 results from the opposite case (more flexible model
function) are collected. As expected, now the fitted parameters
lay close to the ‘‘true” values. The uncertainties of Re and De are
virtually the same as in Table 1, where the same spectrum was
fitted with a simple Morse potential. The uncertainty of b is now
larger, of course due to the correlation with b2. Contrary to our
expectations, the shape of the TDM functions is again different
from M(R) = 1. It may be concluded that although M(R) should be
included as a model function for proper assessment of the Re, its
shape cannot be extracted in the current simulation where the
significant part of M(R) which impacts the line intensities is only
in the narrow interval of R’s, determined by the ground state wave
function with t00 = 0 (see Fig. 1). Fig. 4 shows examples of the fit of
the reference spectra obtained with the modified Morse potential
by the simple Morse potential.
5. Conclusions

The studies presented in this article show that when the func-
tional model of a PEC is a priori known, it is possible to recover
the parameters of the initial potential to within few tenths of per-
cent by fitting the potential parameters and the parameters of the
TDM function (Tables 1 and 2) even for spectra with unresolved
rotational structure. The expected correlation between the Re and
M(R) was confirmed but it did not lead to deviations of the Re larger
than 1%. Values of the TDM, however, are not so well determined
and deviations up to several tens of the percent can be observed
(Tables 1 and 2), presumably due to correlations between the
parameters Mi.

In practice, the model function of the real potential curve is
unknown. The results of the study collected in Tables 3 and 4 show
that it is possible to fit the reference spectrum simulated with the
simple Morse function with the modified Morse function without
significant loss of the fit quality. The opposite case might be also
possible, but at higher experimental noise. When the model poten-
tial is less flexible than the ‘‘true” one, the uncertainty of the
parameters is underestimated (Table 3) and the values of fitted
parameters may be shifted from the original one by more than
their estimated uncertainty. In the opposite case (Table 4) the
uncertainties of the fitted parameters is more realistic, but they
may be increased when interparameter correlations occur (for
example between b and b2). The general conclusion is that for bet-
ter estimation of the PEC uncertainties it is important to apply flex-
ible models with lower interparameter correlations.

Finally, it may be concluded that the TDM function cannot be
determined uniquely from limited data sets similar to these pre-
sented here. Although, this was not unexpected, for realistic esti-
mate of the potential parameters, the possible variations of M(R)
function should be taken into account. It was shown, that in the
present study by neglecting the possible R-dependence of the
TDM, the uncertainty of the Re is significantly underestimated.
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