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ABSTRACT   

Recently we have demonstrated that conventional (free-space) Faraday rotation spectroscopy (FRS) can be successfully 

transitioned into optical fiber-based sensing architectures using paramagnetic gas-filled hollow-core photonic bandgap 

fibers (HC-PCFs)
1
. Our measurements revealed that due to the birefringence properties of the HC-PCFs, behavior of the 

fiber-optic FRS signals is substantially different compared to free-space FRS systems. Furthermore, magnetic circular 

dichroism tends to have much higher influence on the FRS signals than in other systems. To explain this behavior we 

have developed a theoretical model, and shown that close agreement with the experimental data can be achieved. In this 

paper we focus attention on the detailed explanation and the in-depth discussion of the model and assumptions 

incorporated within it. This approach can be easily extended to account for parasitic effects that take place in real-world 

FRS sensor systems such as imperfect polarizers or birefringent gas cell windows. 
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1. INTRODUCTION  

The development of the microstructured optical fibers (MOFs) has opened up entirely new areas where optical fibers and 

fiber-based devices can be applied. MOFs can include hollow spaces in their structure that provide strong interactions 

between guided light and materials loaded within the holes
2
, and so serve as a promising architecture for spectroscopic 

applications. From a technical perspective, they can be used to create miniaturized sensors that possess ~nL detection 

volumes. Moreover, compared to cuvettes or conventional gas cells, they allow increased light-matter interaction lengths, 

thus improving the overall absorption sensitivity
3
. Furthermore, MOFs allow nonlinear and atomic optics experiments to 

be performed under conditions that were previously not achievable. For example, it is now possible to observe nonlinear 

processes (e.g., saturated absorption
4
, electromagnetically induced transparency

5
) with the use of ultra-low optical 

powers. In addition, fiber-based devices are compact and compatible with telecommunication standards
6
. 

As already mentioned, in spectroscopy, the interest is focused on MOFs with large enough hollow channel(s) in their 

structure to support easy filling with gases, vapors or liquids. This requirement is fulfilled by suspended-core fibers 

(SCFs) and hollow-core Photonic bandgap fibers (HC-PCFs). While SCFs operate in a broad range of wavelengths and 

can be freely shaped for easier filling (e.g., exposed SCFs
7
), HC-PCFs provide a more practical route to higher overlap 

(close to 100%) between the light and medium contained in the hollow fiber core. However, since HC-PCFs utilize the 

photonic bandgap effect they are sensitive to any changes of the core refractive index. They are particularly well suited 

for use with gases, where maximizing the light-medium overlap is essential and introduced refractive index changes are 

negligible. Absorption spectroscopy measurements, where normalization is performed (e.g., by dividing by the reference 

measurements) are most common. 

Recently, we reported for the first time, to the best of our knowledge, Faraday rotation spectroscopy (FRS) within a HC-

PCF with an unprecedentedly small sample volume of 4.2 nL for the detection of molecular oxygen
1
. This technique 

utilizes the Faraday effect present in the paramagnetic gases when placed in a external (modulated) magnetic field. 
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Under these conditions, for wavelengths close to the targeted molecular transition, the gas exhibits magnetic circular 

birefringence and magnetic circular dichroism. This effect can be used in two different ways: while controlling the 

magnetic field – for gas sensing applications
8
, or by using gas-cells with known properties, for ultra-sensitive optical 

magnetometry
9
. 

Since the polarization state of the light is utilized in the FRS measurements, fiber polarization effects must be included in 

the theoretical analysis. Magnetic circular dichroism, is usually considered as negligible, and for some specific 

experimental setups (i.e., balanced detection scheme) its influence on the FRS signals is cancelled out. However, as we 

demonstrated in the oxygen-filled HC-PCF magnetic circular dichroism tends to dominate
1
. Moreover, the structure of 

the HC-PCFs adds an additional degree of complexity to the fiber-optic based FRS system. 

In this publication we focus on providing the theoretical framework for our model of fiber-based Faraday rotation 

spectroscopy. This covers our approach of including the HC-PCF in the theoretical analysis, as well as the description of 

the experimental setup in terms of the Jones matrix formalism. 

2. FIBER-BASED FRS MODELING 

2.1 The HC-PCF model 

To accurately model a fiber and its properties it is necessary to solve Maxwell's equations. This leads to the eigenvalue 

system that results in a set of optical fiber modes (eigenvectors) and propagation constants (eigenvalues) which, in 

principle, offer a full knowledge of the fiber’s optical properties. However, due to computational complexity, it may be 

done only numerically. Moreover, HC-PCF properties are very sensitive to the geometry changes; even with high-

resolution scanning electron microscope images of the fiber structure, it is not always possible to perform reliable 

simulations. 

To solve this problem certain assumptions have to be made. Recently, it was demonstrated that higher-order modes can 

substantially change the fiber-based FRS results
10

. However, not all fiber modes are excited in the fiber and by using 

optimal coupling conditions this problem can be substantially reduced. 

In principle, all optical fibers that exhibit 6-fold rotation symmetry should not be polarization maintaining (in fact, this is 

true for all optical fibers with rotational symmetry of the order higher than two
11

). In the language of optical modes this 

means that two fundamental polarization modes are degenerate i.e., they have the same propagation constants. In 

practice, due to residual structure imperfections, small linear birefringence, i.e., difference between the propagation 

constants of two fundamental polarization modes, is always present. Usually this birefringence is small (between 10
-7

 

and 10
-5

). However, the birefringence and the dichroism of the gas are yet smaller (in our case it is of the order of 10
-9

, as 

calculated from the equations below), thus neglecting small linear birefringence is no longer valid. 

If the fiber is filled with a medium, its propagation properties change. However, for low pressure gases (hundreds of 

mbars) these changes are small and the position of the photonic bandgap is affected very little. Thus, the filled fiber can 

be treated as an object with the following properties: (a) it sustains propagation of light in the form of two orthogonal 

modes; (b) it has purely geometric linear birefringence; (c) it exhibits circular birefringence and dichroism as the light 

propagation takes place in the optically active (paramagnetic) gas (e.g., molecular oxygen). Hence, the problem becomes 

equivalent to the propagation of a non-diverging light-beam through an elliptically birefringent and dichroic crystal. 

Ultimately, in case of the Jones matrix formalism, with the reference frame spanned by two linearly polarized light 

beams, the gas-filled fiber can be modeled as a medium with the dielectric matrix expressed as 
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Here,   is the light frequency,   is the average effective dielectric constant of the medium ( 1  ). Quantities L  and 

C  represent linear and circular birefringence divided by  . If L  and C  are complex, their imaginary parts reflect 

the linear and circular dichroism. In the considered case of no linear dichroism, L  is real and C  is complex. 

Additionally, as discussed earlier, 1C L   is fulfilled. While L  has to be measured or estimated, C  can be 

Proc. of SPIE Vol. 8794  87942M-2

Downloaded From: http://proceedings.spiedigitallibrary.org/ on 06/11/2013 Terms of Use: http://spiedl.org/terms



 

 
 

 

calculated theoretically, based on the FRS system parameters. Assuming a Voigt absorption line profile, the complex 

refractive index of the molecular oxygen can be expressed as 
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 (2) 

where c is the speed of light in vacuum, N is the number density of molecules, S is the line-strength, 0 is the central 

transition frequency, D is the Doppler broadening at half-width half-maximum (HWHM), P is the pressure-broadening 

at HWHM and Z is the plasma dispersion function. In the presence of the external magnetic field, the paramagnetic gas 

exhibits magnetic birefringence/dichroism and the central frequencies for the right- and left- circular light polarizations 

are shifted by a factor 

 /Bg B    (3) 

where g is the Lande factor, B  is the Bohr magneton and B is the magnetic field strength. Therefore, C  can be 

expressed as 

      0 0, ,C n n           . (4) 

Since, 1C L  , the refractive index matrix can be expressed as (with use of the approximation 1 1 / 2x x   ) 
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Finally, the Jones matrix operator of the fiber is equal to 

  
 ˆi n L

cM e




  , (6) 

where L is the length of the fiber. In the situation with no dichroism present, this matrix has a compact form that can be 

written explicitely
12

. However, because of dichroism and complexity of C , the situation is more complicated. As the 

linear and circular birefringences are mixed, the modes of such a system become elliptically polarized. However, since 

C L  , the ellipticity is small and the modes can be considered as nearly linearly polarized. 

2.2 The experimental model 

The detection of the polarization change is done in a polarizer-analyzer scheme as shown in Figure 1. The first polarizer 

is used to prepare the initial polarization state of light, while the analyzer is responsible for transforming the polarization 

change into the amplitude signal. The simplest approach is to use the crossed polarizer (CP) setup, where the angle 

between polarizer and the analyzer is set to 90°. However, by replacing the analyzer with a Wollaston (or Rochon) prism 

that divides the input light into two orthogonal beams, it is possible to two-fold increase the sensitivity. In that case, the 

FRS signal is measured as the difference of the two beams, thus normalizing out the fluctuations that are equally 

influencing both channels (e.g., changes in laser power). This approach is called the balanced detection (BD) scheme. 

The role of the first polarizer, preparation of the initial light polarization is realized by taking the initial Jones vector 

equal to 

  
cos

sin


 



 
  
 

 (7) 

where   is the angle between the initial light polarization and the fiber polarization axes. The analyzer is modeled as the 

Jones matrix operator of an ideal polarizer rotated by the angle   
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Figure 1. Schematic representation of the fiber-optic based Faraday rotation spectroscopy setup. Each element is represented 

by a specific mathematical operator in the Jones matrix formalism: 1) preparation of the light polarization (realized by a 

polarizer and half wave plate) is equivalent to the initial Jones vector, 2) gas-filled HC-PCF with its matrix operator, 3) 

analyzer (polarizer with a half wave plate) – matrix operator, 4) power measurement on the detector(s) realized in two 

different ways (CP and BD schemes) – norm operation. 

      †1 0

0 0
P R R  
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where the rotation matrix  R   is defined as 

  
cos sin

sin cos
R

 


 

 
  
 

. (9) 

In this formalism, the power of the light beam is proportional to the norm of the Jones vector †   . In the CP 

scheme with 90   , the optical power that reaches the detector is expressed as 

        CPS P M     . (10) 

For the BD scheme with typically 45   , the power can be expressed as 

              90BDS P M P M           . (11) 

The advantage of the presented approach is that, as long as the matrix operators are known, any additional elements can 

be easily incorporated. Especially this also includes any elements that may be used to analyze the influence of the 

imperfections of the real-world system, e.g., birefringent gas cell windows, imperfect polarizers, and/or initial ellipticity 

of the light beam. 

2.3 Lock-in detection 

Phase-sensitive detection techniques can be used to further increase the sensitivity of the FRS systems. In that case, one 

of the relevant system parameters, e.g., magnetic field, laser power, or laser frequency, is modulated in time and lock-in 

detection is used for demodulation. Since the demodulation is performed using a steep low-pass filter, only a specific 

frequency component of the whole signal spectrum is measured. Moreover, only that component of the filtered signal is 

transmitted which is appropriately phase-shifted and correlated with the initial modulation. It is desirable that the model 

also includes the lock-in detection. 
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We focus on the magnetic field modulation,  B B t  and simulation for a number of time steps required to retrieve the 

time-dependent signal  ,S t . The demodulation with appropriate phase-shift   is taken into account by calculating 

the Fourier component on a specific frequency   as follows 

      
0

, sin

T

S S t t dt       (12) 

where 2 /T    and   is the measured component phase. This allows one to measure any signal on the desirable 

frequency with an arbitrary phase, in particular, the in-phase and the quadrature component). Similar approaches may be 

used for different modulation techniques, e.g., wavelength modulation spectroscopy. 

The fiber-optic FRS spectra depicted in Figure 2 illustrate the processes taking place within the HC-PCF
10

, showing the 

recorded FRS spectra in good agreement with the corresponding modeling results. 

 

Figure 2. Example of fiber-optic based FRS spectra for the 762.309 nm transition of pure molecular oxygen10. Dotted 

(black) traces show measured FRS spectra and solid (red) traces illustrate the corresponding modeling results. Signal 

shapes and amplitudes are sensitive to the incoming light polarization axis relative to the fiber polarization axes:  (a) 

signal shape and amplitude originates purely from magnetic circular birefringence; (b) signal shape and amplitude 

depends mostly on magnetic circular dichroism. 

3. CONCLUSIONS 

We have presented a general approach for simulations of the Faraday rotation spectroscopy (FRS) in gas-filled hollow-

core photonic bandgap fibers (HC-PCFs). We have discussed several approximations that can significantly reduce the 

computational complexity. Within these assumptions, the HC-PCF can be modeled as a two-mode system with an 

elliptical birefringence and dichroism. Applying the Jones formalism, the model can be further extended to account for 

real-world system imperfections, e.g., birefringent gas cell windows or non-perfect polarizers. Additionally, with further 

approximations (not described in this publication), it is possible to derive simplified analytical equations that provide 

better insight and intuitive understanding of the processes taking place in the HC-PCFs filled with paramagentic gases 

such as molecular oxygen. 
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