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ABSTRACT

The subject of this dissertation are nonlinear magneto-optical phenomena in

atomic vapors. Special attention is drawn to nonlinear magneto-optical rotation

(NMOR) caused by alkali atoms contained in antirelaxation-coated or buffer-gas cells.

In such cells, there are several effects which contribute to NMOR signals. These con-

tributions can be distinguished as they typically give rise to optical rotation that

peaks at different values of the magnetic field or modulation frequency. A detailed

theoretical treatment, given in this dissertation, allows to associate each of the fea-

tures with a specific physical mechanism. In particular, the narrowest contribution

to the signals is related to quantum coherences in an atomic ground-state. Such co-

herences are very interesting since they are responsible for many intriguing physical

phenomena such as electromagnetically induced transparency, coherent population

trapping, subluminal and superluminal light propagation, spin-squeezing, etc. They

are also used in magnetometry, frequency standards, and quantum cryptography.

Despite importance of such coherences, their generation, evolution, and detection in

complex, multi-level systems have not been fully understood; this work makes a step

towards such understanding.

Optical pumping with linearly polarized amplitude- or frequency-modulated light

in the presence of a magnetic field is shown to lead to time-dependent optical rota-

tion. If light-polarization rotation is measured at a given harmonic of the modulation

frequency Ωm, in addition to a typical zero-field NMOR resonance, ΩL ≈ 0, the new

so-called high-field resonances appear for the Larmor frequencies ΩL which are inte-

ger multiplies of Ωm. These modulation techniques are compared and discussed as a

function of various experimental parameters.

Using NMOR with modulated light we demonstrated a magnetometric technique

which enables measurements of magnetic fields in a broad dynamic range, from DC

to ∼0.5 G, with the sensitivity reaching 5 × 10−10 G/
√

Hz and leaving room for

further improvement. This is one of the most sensitive methods of measurements

of magnetic fields in the geophysical range. Moreover, in contrast to most optical



magnetometric methods, this method allows measuring not only magnitude, but also

direction of the magnetic field (vector magnetometry). Finally, we have shown that

NMOR can be also used for measuring oscillating magnetic fields with the sensitivity

of ∼ 10−11 Grms/
√

Hz.

Additionally, we report on application of NMOR with modulated light for selective

generation and detection of quantum coherences between magnetic sublevels differing

by a given ∆m. Generation of ∆m = 2, 4, 6 coherences was demonstrated; selective

creation and detection of a ∆m = 6 coherence – for the first time. Interesting

phenomena of Zeeman-coherence transfer via spontaneous emission and creation of a

∆m = 4 coherence from a pre-existing ∆m = 2 coherence were demonstrated.

The work presented in this dissertation form the basis for a number of ongoing

research projects at Kraków, Berkeley, and is a subject of close international collab-

oration in the areas of atomic magnetometry and applications, involving the Kraków

and Berkeley groups.
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Introduction

This thesis is dedicated to nonlinear magneto-optical effects in gases. We mainly con-

centrate on nonlinear magneto-optical rotation (NMOR), i.e., light-intensity-dependent

rotation of a polarization plane of linearly polarized light upon its propagation through

a medium placed in a magnetic field. NMOR may be studied as a function of differ-

ent physical quantities such as magnetic field, light frequency, light intensity, etc. If

an NMOR signal is observed versus the magnetic field, there are several effects that

contribute to the signal. Typically they give rise to optical rotation that peaks at

different values of the field, hence NMOR provides a possibility of studying different

physical phenomena.

Of particular interest is the narrowest contribution to the NMOR signal which

is related to ground-state coherences. In addition to electromagnetically induced

transparency, coherent population trapping, storage of light pulses in atomic medium,

etc., NMOR is another manifestation of the existence of quantum superpositions

between ground-state sublevels. Therefore, NMOR allows one to analyze generation,

evolution, and detection of such coherences.

Lifetimes of ground-state Zeeman coherences are limited to effective time of in-

teraction between atoms and light. In a typical experiment involving a single light

beam and a glass cell containing only alkali-metal vapor at low pressure, the interac-

tion time is given by the transit time of an atom through the light beam. However,

introduction to a cell a buffer gas at relatively high pressure or antirelaxation coating

of its inner walls may prolong this time by several orders of magnitude. In such case,

the NMOR signals as narrow as 1 Hz can be observed.



2 Introduction

One of the main achievements of this work is the development of new technique

of synchronous pumping of atoms in nonlinear magneto-optical rotation, i.e., NMOR

with amplitude-modulated light. This method enables observation of time-dependent

optical rotation and leads to appearance of the so-called high-field NMOR resonances.

Because of light modulation and the relatively strong magnetic field in which the

atoms are placed, our method allows studying generation, evolution, and detection

of the ground-state coherences in new experimental conditions that had not been

thoroughly explored prior to this work. Moreover, the existence of the high-field

resonances opens a possibility of ultra-precise measurements of a broader range of

magnetic fields. As demonstrated here, NMOR with modulated light allows one to

measure magnetic fields from DC to about ∼0.5 G with the sensitivity reaching 5×
10−10 G/

√
Hz and theoretical limit of ∼ 10−11 G/

√
Hz. The sensitivity achieved with

this method for measurements of the geophysical-range fields is among the highest

obtained with any magnetometric method.

Another significant result of this work is a possibility of selective generation and

detection of atomic coherences between magnetic sublevels differing by a given ∆m.

We present the NMOR signals related to the ∆m = 2, 4, 6 coherences. The signal

associated with the ∆m = 6 coherence is the first observation of a quantity that is

exclusively associated with such coherence. In addition, we report on an observation

of Zeeman-coherence transfer between two atomic states and creation of a ∆m = 4

ground-state coherence in an ensemble of atoms with pre-existing ∆m = 2 coherence.

This dissertation consists of three main parts. The first part is an introduction to

magneto-optical effects. In Chapter 1, which is a primer to nonlinear magneto-optical

effects, linear magneto-optical rotation is discussed. This chapter provides a back-

ground for a theoretical description of nonlinear magneto-optical effects, especially

NMOR, which is given in Chapter 2. Physical mechanisms that contribute to NMOR

are pointed out and described in detail. A theoretical approach to NMOR with modu-

lated light is also presented. The second part of the thesis is dedicated to NMOR with

modulated light. In Chapter 3, the two modulation techniques, which may be applied
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for synchronous pumping of atoms employing amplitude- and frequency-modulated

light, are described. Some general remarks about their experimental realization are

made and NMOR signals as a function of a magnetic field, modulation frequency, and

light frequency are shown. Chapter 4 is a detailed comparison of nonlinear magneto-

optical rotation with amplitude- (AMOR) and frequency-modulated (FM NMOR)

light. We analyze experimental signals obtained with AMOR and FM NMOR as

a function of different experimental parameters. The advantages and drawbacks of

each of the methods are emphasized. Finally, in the third part, the applications of

NMOR with modulated light are discussed. One such application is magnetometry

discussed in Chapter 5. We present an all-optical magnetometric technique which

allows one to achieve very high sensitivity of magnetic field measurements in a broad

dynamic range (about 0.5 G). Two alternative approaches to such magnetometry, i.e.,

one with external generator and another one in the so-called self-oscillating regime

are described. Moreover, it is shown that optical magnetometry may allow direct

determination of a direction of a magnetic field (not only its strength). At last in this

chapter we discuss application of NMOR in detection of oscillating magnetic fields.

In the presented approach, a magnetometer can be tuned to a desired frequency and

ac magnetic fields can be measured with a sensitivity as high as 10−11 Grms/
√

Hz.

The final chapter (Chapter 6) describes applications of NMOR with modulated light

for generation and detection of quantum superpositions between Zeeman sublevels

differing by a given ∆m. As demonstrated, the method enables creation and detec-

tion of ∆m = 2, 4, 6 coherences. We show that the coherences can be “updated”

(∆m → ∆m + 2) and transferred between two atomic states. Appendices at the end

of the dissertation contain additional information important for understanding the

details of the work presented in this thesis such as visualization of the density ma-

trix (Appendix A) and processes determining relaxation of ground-state coherences

in buffer-gas-free antirelaxation-coated cells (Appendix B).

The experiments described in this thesis were preformed at the Jagiellonian Uni-

versity at Kraków and the University of California at Berkeley. In many aspects the
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investigations conducted at these two Universities were complementary and it is very

hard to locate particular experiments in one of the two Universities. In general, how-

ever, one can state that the results presented in Chapter 4 were obtained at Kraków

and Berkeley same as the ones shown in Sec. 5.1. The data presented in Secs. 5.2

and 5.4 were obtained at Berkeley, while the measurements described in Sec. 5.3 were

performed at Kraków. Finally, investigations described in Chapter 6 were conducted

at Berkeley.

The double localization of this research illustrates well the spirit of the Joint

Kraków-Berkeley Laboratory and truly international cooperation.



Chapter 1

Linear magneto-optical effects

In the beginning of 19th century the great interest of scientists was brought to elec-

tric and magnetic phenomena. The discovery of Oersted1 and successive works of

Ampère, Biot, Savart, and many others showed that electric charges in motion gen-

erate magnetic field. Further investigations revealed that electric and magnetic fields

are even more closely related. Eventually light was recognized as an electromagnetic

wave.

One of the pioneers in exploration of electromagnetic phenomena was Michael

Faraday. Among many other subjects, he studied magneto-optical phenomena, i.e.,

influence of a magnetic field on properties of light propagating through a medium

placed in a magnetic field [1, 2].

1.1 Magneto-optical rotation

Magneto-optical rotation is an optical effect that relies on rotation of a polarization

plane of linearly polarized light during its propagation through a medium placed

in a magnetic field (see Fig. 1.1). If the magnetic field is applied along the light-

propagation direction such phenomenon is called the Faraday effect, and if the field

1In fact, the same observation was made 15 years before Oersted’s discovery by Italian Gian
Romagnosi, but his work has not been noticed by scientific community.
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Figure 1.1: Polarization plane of linearly polarized light rotates upon its propagation
in a medium placed in a magnetic field – magneto-optical rotation.

is perpendicular it is called the Voigt effect (in gases) or the Cotton-Mouton effect

(in liquids) [3].

Faraday observed that for light propagating through solid-state medium the angle

of magneto-optical rotation φ is proportional to the strength of magnetic field B and

the length l of an active (rotating) medium [1, 2]. The proportionality coefficient is the

Verdet constant V , which describes an ability of a medium to rotate the polarization

plane

φ = V lB. (1.1)

The physical origin of magneto-optical rotation is a difference of complex refractive

indices of polarization eigenmodes2 that light can be decomposed into. Such eigen-

modes can be, for example, left (σ−) and right (σ+) circularly polarized waves or two

orthogonal linear polarizations. One can easily transform the light representation

2Optical eigenmode is a state of light that during its propagation through material medium can
experience change in amplitude and phase, but its polarization stays unaltered.
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from the circular into the Cartesian basis by

êx = 1√
2
(ê+ + ê−),

êy = −i√
2
(ê+ − ê−),

(1.2)

where êx, êy are the unit vectors representing light polarized along x and y, respec-

tively, and ê− and ê+ are the vectors representing left and right circularly polarized

light, respectively.

The electric field E of y-polarized light of the wavevector k propagating along z

can be written in the form

E = E0êy cos(kz − ωt) =

= − iE0

2
√

2

[
ê+e−i(kz−ωt) − ê−e−i(kz−ωt)

]
+ c.c., (1.3)

where E0 is the amplitude of the optical electric field, ω is the frequency of light and

c.c. denotes the complex conjugate. The wavenumber k is

k =
2π

λ
=

ηω

c
, (1.4)

where λ is the wavelength of light and η is the complex refractive index given by

η = n + iκ. (1.5)

The real and imaginary parts of the complex refractive index are the refractive index

n characterizing dispersion of a medium and the absorption coefficient κ describing

its ability to absorb light, respectively.

If refractive indices of circular eigenmodes of light are different (n+ 6= n−), each

of the components propagates in the medium with different velocity which gives rise

to the phase difference ϕ

ϕ =
ωl

c
(n+ − n−). (1.6)

The phase difference ϕ leads to rotation of the polarization plane by the angle φ

φ =
ϕ

2
. (1.7)

In the case of magneto-optical rotation the difference in refractive indices is in-

duced by a magnetic field.
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1.2 Macaluso-Corbino effect

Since Faraday’s experiments, for over 50 years the physical grounds of magneto-optical

rotation were unknown. Some insight into the problem was brought by the work of

Domenico Macaluso and Orso Corbino, who in 1898 published two papers reporting

on their investigation of the Faraday effect in atomic gases (sodium vapor) [4, 5]. In

contrast to the Faraday work, a strong dependence of magneto-optical rotation on

light frequency, in particular, its distinct resonant character was observed.

Results obtained by Macaluso and Corbino, in addition with Peter Zeeman’s dis-

covery of splitting of spectral lines in a magnetic field [6, 7], enabled Woldemer Voigt

to formulate the explanation of magneto-optical rotation [8]. Since circular polariza-

tions generate transitions corresponding to different absorption lines, the line splitting

leads to different dispersion of two circular eigenmodes of linearly polarized light and,

consequently, to rotation of its polarization plane.

Application of the semi-classical approach to light-atom interaction, i.e., consid-

eration of light as a classical field and atom as a quantum system with a discrete

level structure, facilitates understanding of magneto-optical rotation. The simplest

physical system, in which rotation of the polarization plane of linearly polarized light

is observed, is the F = 1 → F ′ = 0 system, where F and F ′ denote the total angular

momenta of the ground and excited state, respectively (see Fig. 1.2). In such system,

the right circularly polarized component of the linearly polarized light interacting

with the atom generates transition from the ground state of m = −1 to the excited

state m′ = 0, where m and m′ refer to the magnetic quantum numbers determining

projections of the angular momenta on a quantization axis in the ground and excited

state, respectively. Similarly, the left circularly polarized component of the light gen-

erates transition from the ground-state sublevel m = 1 to the excited state m′ = 0.

The sublevel m = 0 is decoupled from light.

It can be shown based on the semi-classical approach (see, for example, Ref. [9])

that in the case of a narrow-band light interacting with motionless two-level atoms,
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ω0

ΩL

σ+ σ−

ΩL

m=0m=−1

m’=0

m=1

Figure 1.2: Two-level atomic system interacting with y-polarized light propagating
along the z-axis which is the quantization axis. Nonzero magnetic field oriented along
quantization axis splits magnetic sublevels in the ground state by ΩL = mgF µBB/~.
In this case each circular component of the linearly polarized light undergoes different
dispersion in a medium, which results in rotation of the polarization plane.

the complex refractive index η is

η ≈ 1 + 2πχ0
1

∆ω + iΓ/2
, (1.8)

where ∆ω = ω − ω0 is the light detuning, ω denotes the frequency of light, ω0 is the

frequency of optical transition, Γ refers to the relaxation rate of the excited state,

and χ0 is the amplitude of the atomic linear susceptibility.

If in the considered case, one assumes independent excitation of the atom by each

of the polarization eigenmodes3, Eq. (1.8) can be applied directly to calculate the

magneto-optical rotation. No rotation, however, is observed for zero magnetic field,

B = 0, because the refraction indices of the eigenmodes are the same [Fig. 1.3(a)].

Introduction of the magnetic field along the light-propagation direction removes the

ground-state degeneracy (see Fig. 1.2) and magnetic sublevels are shifted by the

3This approximation is valid only for weak light fields.
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Larmor frequency ΩL

ΩL =
mgFµBB

~
, (1.9)

where gF is the Landé factor and µB is the Bohr magneton. That leads to the

modification of the refractive index related to each eigenmode [Fig. 1.3(b)]. Thus, in

the considered case, the indices are given by

η± ≈ 1 + 2πχ0
1

(∆ω ∓ ΩL) + iΓ/2
. (1.10)

As it was shown above, the difference in the real parts of the complex refractive

indices of two circular components of light leads to rotation of the polarization plane.

Combining Eqs. (1.6), (1.7), and (1.10) one gets the relation between the magnetic

field B and the angle of rotation φ

φ ≈ 4πχ0ωl

c

ΩL(∆ω2 − Γ2/4− Ω2
L)

[∆ω2 − Γ2/4− Ω2
L]

2
+ Γ2∆ω2

. (1.11)

Basing on Eq. (1.11) the detuning and magnetic-field dependences of the angle φ

were simulated. They are presented in Fig. 1.3.

Although in our approach atoms are assumed to be motionless while in a real

experiment they are moving, the simulations reveal the same qualitative features as

observed by Macaluso and Corbino. In particular, in Fig 1.4(a) the resonant depen-

dence of magneto-optical rotation on the light frequency is well visible. Far from the

optical resonance there is no rotation, however, for light tuned to an atomic transition

the rotation is maximal. It is very different from Faraday rotation in solids, where

the angle of rotation depends on the light frequency very weakly. Moreover, while

in the Faraday’s experiment magneto-optical rotation measured versus the magnetic

field changes linearly with the field strength, in gases the dependence is described by

the dispersive-like Lorentzian which only in narrow range can be regarded as linear.

In real gas samples the linear range is usually determined by the Doppler width ∆D

related to the thermal motion of atoms which typically in a room temperature is on

the order of a few hundreds of MHz.
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Figure 1.3: Real (solid line) and imaginary (dashed line) parts of complex refractive
indices corresponding to left (σ−) and right (σ+) components of linearly polarized
light in a degenerated two-level atomic system (see Fig. 1.2) under interaction with
zero (a) and nonzero (b) magnetic fields.

Despite these differences, it is noteworthy that the Faraday and Macaluso-Corbino

effects have the same origin. The difference in signals in both experiments is related

to much broader transition widths in solid-state materials than in gases. In fact,

linear dependence of magneto-optical rotation versus the magnetic field observed by

Faraday is simply a central part of a very broad dispersive-like dependence shown in

Fig. 1.4.
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Figure 1.4: Angle of the magneto-optcial rotation rotation vs. the normalized detun-
ing (∆ω/Γ) (a) and normalized magnetic field (ΩL/Γ) (b).

1.3 Conclusions

In this chapter we briefly reviewed magneto-optical effects. This historical background

is an introduction to nonlinear magneto-optical effects that are main subject of this

dissertation and are described in its further parts.



Chapter 2

Nonlinear magneto-optical rotation

In the previous chapter we introduced magneto-optical effects based on the Faraday

and Macaluso-Corbino effects. Here we discuss nonlinear optical effects, in particular,

nonlinear magneto-optical rotation. We provide a theoretical treatment of the effects

and single out mechanisms responsible for an appearance of nonlinearities.

2.1 Nonlinear optical effects

By definition, a nonlinear optical effect (NOE) is a process in which optical properties

of a medium depend on the intensity of traversing light. Generally, such effects can

be considered as three-stage pumping-evolution-probing processes. At the first stage

light modifies medium optical properties (pumping). During the next period the

medium evolves and so do its optical properties. While evolving the medium can be

subject to an interaction with other fields, e.g., a magnetic field. In the final stage

the medium changes properties of the propagating light (probing). Although in many

cases all three processes are simultaneous it is conceptually very useful to consider

them separated in time.

A quantity that reflects a response of a medium to light is an induced dipole

moment per unit volume – the light-induced polarization P. The polarization P can



14 Chapter 2 ¦ Nonlinear magneto-optical rotation

be calculated using the density matrix formalism through the relation

P = Tr[ρ(E0)d] = êE

∑
g,e

dgeρeg + c.c., (2.1)

where d denotes the electric dipole moment operator, deg is the dipole matrix element

related to a transition from the ground state |g〉 to the excited state |e〉

dge ≡ 〈e|d|g〉, (2.2)

ρ is the light dependent density matrix, ρge refers to the optical coherence, E0 is

the amplitude of the electric field of light, and êE is the unit vector along the light-

polarization direction.

2.2 Perturbative approach

In the perturbative approach (see, for example, Refs. [10, 11]), the density matrix ρ

can be expanded in powers of the light electric-field amplitude E0

ρ =
∞∑

n=0

ρ(n)E
(n)
0 . (2.3)

The elegant and intuitive method of presentation of the perturbative approach

is its pictorial presentation (see Fig. 2.1). In the zeroth order of the expansion

(in absence of light), the density matrix consists only of lower-energy1 populations

ρ
(0)
gg . Due to the Boltzmann distribution, populations in all Zeeman sublevels of the

degenerated or nearly degenerated ground state are equal. In the lowest-order of in-

teraction the off-diagonal elements ρ
(1)
ge appear in the density matrix. These elements

are called optical coherences and they are associated with the linear susceptibility of

the medium χ(1). Thus, they are responsible for linear absorption and dispersion.

Within the second order of perturbation the ground- and excited-state populations,

1In general, a lower-energy state is not necessarily an atomic ground state. However, in all cases
discussed within this dissertation, it is so, thus, hereafter the lower-energy state is identified with
the ground state.
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ρ
(2)
gg and ρ

(2)
ee , respectively and ground- and exited-state Zeeman coherences, ρ

(2)
gg′ and

ρ
(2)
ee′ , respectively show up. At this level of perturbation such phenomena as fluores-

cence and level-crossing can be explained. In the next, third order of perturbation

the optical coherences ρ
(3)
ge′ including higher-order coherences, i.e., with |m′−m| ≥ 1,

can be calculated. Within this order nonlinear absorption and dispersion, and hence

nonlinear magneto-optical rotation (NMOR)2 can be explained. The fourth order of

perturbation (ρ(4)) enables to explain such phenomena as nonlinear fluorescence and

nonlinear Hanle effect. Generally, processes which involve first and second order of

the density matrix expansion, namely ρ(1) and ρ(2), are called linear processes, while

processes related to the higher orders of perturbation are nonlinear processes.

ρ
gg
(0)

ρ
eg

ρ
ge

(1) (1)

ρ
ee'
(2)

ρ
gg'
(2)

ρ
gg

ρ
ee

(2)

(2)

ρ
eg''

ρ
ge''

(3) (3)

ρ
eg'

ρ
ge'

(3) (3)

ρ
eg'

ρ
ge'

(3) (3)

Linear absorption
Linear dispersion

Linear Faraday effect

Fluorescence
Level-crossing effect

Nonlinear absorption
Nonlinear dispersion

Nonlinear Faraday effect

Figure 2.1: Visual presentation of the perturbative approach to light-atom interaction
in a degenerated two-level system. For a given order of perturbation the same indices
denote atomic population or, if one of the letters is primed, the Zeeman coherences.
Two different letters stand for the optical coherences.

2Note that even if the coherences associated with the higher orders of perturbation can contribute
to NMOR, their contribution is usually much smaller than the third order contribution unless light
intensity is too high to justify perturbative approach.
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Basing on the perturbative approach, the light-induced polarization P can be

expanded into power series in E

P =
∞∑

n=1

χ(n) · En, (2.4)

where χ(n) is the n-th order electric susceptibility. In gases, which are the media

considered in this dissertation, all the even-order electric susceptibilities disappear

for symmetry reasons [10, 12]. In such case, Eq. (2.4) takes the form

P =
∞∑

n=0

χ(2n+1) · E2n+1. (2.5)

For the linear optical effects only the lowest, first order in E is nonzero. Hence

Eq. (2.4) can be written as

P = χ(1) · E, (2.6)

where χ(1) is the linear susceptibility. All NOEs are related to the higher-order sus-

ceptibilities.

The perturbative approach is a very useful tool for understanding of the light-

matter interaction. However, its application is limited only to weak light and/or

off-resonance interactions. For light strong enough to saturate a transition between

ground and excited states, it is not possible to distinguish different orders of pertur-

bation. In such case, the density matrix ρ must be precisely, i.e., non-perturbatively,

evaluated by solving the master equation (see Sec. 2.3.1). This reduces to solution of

a number of complex, self-coupled equations which, in general, cannot be performed

analytically but it can be done numerically rather easily. The easiness of application

of the latter solution, however, is usually at the price of understanding of the physical

background of the phenomena. At the same time, the analytic solution can give some

insight into the problem. In order to understand origins of the optical nonlinearities

a couple of simple examples will be now discussed.
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2.3 Origin of optical nonlinearities

The simplest atomic systems in which NOEs can be observed are two- and three-level

atoms [13]. Since a problem of interaction of resonant light with two-level system

was extensively studied (see, for example, Ref. [14]), it is only briefly reviewed in this

dissertation and then the attention is switched to the object of merit and the model

system – the three-level Λ-type system.

2.3.1 Master equation

In quantum mechanics evolution of the density matrix is governed by the master

equation [10]

ρ̇ = − i

~
[H, ρ] + Γ̃(ρ) + Λ̃(ρ), (2.7)

where H is the full Hamiltonian of the system consisting of the unperturbed Hamil-

tonian H0 and the Hamiltonian of interaction Hint, Γ̃ is the relaxation operator de-

scribing all the relaxation processes, and Λ̃ is the operator that refers to repopulation

of the ground state and transfer of the Zeeman coherences from the excited to the

ground state via spontaneous emission [15, 16]3. The Hamiltonian that describes the

interaction between light and matter can be written as

Hint = V = −E · d. (2.8)

2.3.2 Two-level atom

Applying Hamiltonian given by Eq. (2.8) to Eq. (2.7), one can write the equation

for the density matrix elements of the two-level atoms having only one ground- and

3For more information on very interesting process of a coherence transfer including a transfer of
higher-order coherences see Sec. 6.3.5.



18 Chapter 2 ¦ Nonlinear magneto-optical rotation

excited-state sublevel

ρ̇gg = − i

~
(Vgeρeg − Vegρge)− γ(ρgg − ρ(0)

gg ) + Γegρee,

ρ̇ee =
i

~
(Vgeρeg − Vegρge)− Γρee, (2.9)

ρ̇eg = −(iω0 + Γcoh)ρeg − iVeg

~
(ρee − ρgg),

where ω0 is the frequency of an atomic transition, γ denotes the relaxation rate of the

ground state, Γ is the relaxation rate of the excited state, and Γeg is the rate of the

population transfer from the excited to the ground states (Γ ≥ Γeg). The relaxation

rate of the optical coherences Γcoh is

Γcoh =
γ + Γ

2
+ Γcol, (2.10)

where Γcol is the dephasing relaxation rate due to collisions, ρ
(0)
gg is the equilibrium

population of the ground state4, and Vge and Veg are given explicitly by

Veg = V ∗
ge = −degE(t). (2.11)

Rotating-wave approximation

In the most general case, Eqs. (2.9) cannot be solved exactly for the light field given

by

E = E0 cos(ωt− kz) =
E0

2

(
ei(ωt−kz) + e−i(ωt−kz)

)
, (2.12)

where ω is the light frequency and k is the corresponding wavenumber. However, this

can be done in the so-called rotating wave approximation (RWA). In this approxima-

tion the light field is written as

E = E0e
−i(ωt−kz), (2.13)

and hence

Veg = V ∗
ge = −degE0e

−i(ωt−kz). (2.14)

4It was assumed that in thermal equilibrium all atoms are in the ground state and ρ
(0)
ee ≡ 0.
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Using Eq. (2.9) to calculate evolution of ρeg, one can easily show that optical

coherences of atoms not interacting with light oscillate at the frequency of the optical

transition ω0 [10, 14]

ρeg = σeqe
−iω0t, (2.15)

where σeq is the slowly varying amplitude of an optical coherence envelope. In a

classical approach to light-atom interaction, atoms are approximated by the harmonic

oscillators with light as driving force (see, for example, Ref. [17]). Thus, for the light

given by Eq. (2.13) the optical coherences oscillate at the frequency of light ω

ρeg = σeqe
−i(ωt−kz). (2.16)

It is noteworthy that Eq. (2.16) validates application of RWA. For the light of fre-

quency ω close to ω0, the response of the medium is strong. On the other hand,

for the light with the frequency −ω which is far detuned from the resonance, the

response of the medium is very weak and can be neglected in comparison to resonant

contribution.

Substituting the optical coherence given by Eq. (2.16) into Eqs. (2.9) one obtains

formulae for slowly varying density matrix elements

ρ̇gg = iΩR(σeg − σge)− γ(ρgg − ρ(0)
gg ) + Γegρee,

ρ̇ee = −iΩR(σeg − σge)− Γρee, (2.17)

σ̇eg = iΩR(ρgg − ρee)− i(∆ωv − iΓcoh)σeg,

where ΩR = E0d/~ is the Rabi frequency, v is the atomic velocity, and ∆ωv = ω0 −
ω + kv is the effective light detuning from the atomic transition including frequency

shift related to the Doppler effect.

Steady-state approximation

Equations (2.17) can be solved in the so-called steady-state approximation (SSA) by

zeroing all left-hand sides of the equations. In such case one obtains

∆ρ = ρgg − ρee = iΩR(σeg − σge)
1
Γ′ + ρ

(0)
gg ,

σeg = ΩR

∆ωv−iΓcoh
(ρee − ρgg),

(2.18)
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where ∆ρ it the population difference between the ground and excited states and Γ′

is the effective relaxation rate define as5

1

Γ′
=

1

γ
+

1

Γ
− Γeg

γΓ
. (2.19)

By algebraic transformation of Eqs. (2.18), one gets uncoupled expressions for ∆ρ

and σeg

∆ρ =
N(∆ω2

v+Γ2
coh)

∆ω2
v+Γ2

B
,

σeg = ΩRN(∆ωv+iΓcoh)

∆ω2
v+Γ2

B
,

(2.20)

where ρ
(0)
gg was replaced by the total number of atoms N and ΓB is the power-

broadened relaxation rate of the optical coherences for nonzero light intensity defined

as

Γ2
B = Γ2

coh

(
1 +

Ω2
R

Γ′Γcoh

)
. (2.21)

Analyzing Eqs. (2.20), one obtains the dependence of the population difference and

the optical coherence versus the light intensity. For low intensities, Ω2
R ¿ Γ′Γcoh,

the population difference is independent from ΩR and the optical coherence changes

linearly with ΩR. Such situation corresponds to the linear-optics regime. However,

for stronger light, Ω2
R & Γ′Γcoh, the nonlinear regime is achieved. In that situation,

the population difference changes with the light intensity and the optical coherences

are nonlinear functions of ΩR (Fig. 2.2)6.

2.3.3 Saturation parameter

The nonlinear-optics regime is achieved when saturation processes start to play im-

portant role in the interaction between light and matter. The degree of saturation is

measured by the dimensionless parameter G which, in general, is defined as

G =
excitation rate

relaxation rate
. (2.22)

5The last term in the definition of the effective relaxation rate Γ′ arises due to the repopulation
of the ground state from the excited state via spontaneous emission.

6Basing on Eqs. (2.19) and (2.21), one obtains that repopulation of the ground-state via sponta-
neous emission (last term in definition of ΓB) opposes saturation by increasing the number of atoms
in the ground state (see Fig. 2.2).
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Figure 2.2: Population differences (a) and imaginary parts of the optical coherences
σeg (b) vs. the normalized Rabi frequency (ΩR/Γ) in a two-level system (for a given
set of parameters real parts of the coherences are identically zero). The plots were
drawn for γ = Γ/100, N = 1, ∆ω = 0, v = 0 and two different transfer relaxation
rates Γeg: Γeg = Γ (solid line) and Γeg = 0.75Γ (broken line). For small Rabi frequency
the population difference is almost unaffected by the light (see inset) and the optical
coherence is a linear function of the Rabi frequency. However, for higher intensities
the nonlinear response of the medium is observed – the population difference depends
on and the optical coherence is a nonlinear function of the Rabi frequency. As seen,
the saturation behavior strongly depends on the repopulation of the ground state.
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In a two-level atom, the saturation parameter is

G =
Ω2

R

Γ′Γcoh

. (2.23)

Thus G is a function of the Rabi frequency and the atomic relaxation rates. It is note-

worthy, however, that saturation also depends on the light frequency [see Eq. (2.20)].

In case of large optical detuning, ∆ωv dominates other terms in the expression for

the population difference and optical coherence, hence the linear-optics regime may

be considered even for an intense light. In the same time, for the light tuned to the

optical transition NOEs can be observed with relatively weak light, e.g., generated

by spectral lamps [18].

The exact form of the saturation parameter depends on a type of a considered

system, e.g., electric-dipole moment, relaxation rates, etc. In general, the effects

associated with the ground state saturate faster than the ones related to the excited

state. Thus the saturation behavior is a distinctive feature which enables to associate

a given effect with a particular atomic state.

2.3.4 Three-level Λ-type system

Although a two-level atom is the simplest possible system in which NOEs can be

discussed, it is not sufficient to describe some of the effects, in particular, these

associated with a polarization of light. The basic system in which such effects can be

analyzed is the three-level system. In general, there are three possible configurations

of such systems: the Λ, the V, and the cascade system. Since, the effects discussed in

this dissertation are mostly related to the first one, we concentrate on the Λ system.

The three-level Λ system, two lower-energy states and one excited state, is pre-

sented in Fig. 1.2. Although such system cannot be exactly realized in a real physical

system it can be well approximated by the F = 1 → F ′ = 0 system, where F , F ′

denote the total angular momenta of ground and excited states, respectively. Two

lower-energy states |+〉 and |−〉 corresponding to the m = 1 and m = −1 Zeeman
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sublevels, respectively, are coupled to the excited stated m′ = 0 by the circular compo-

nents σ+ and σ− of linearly polarized light. The third Zeeman sublevel in the ground

state m = 0 is decoupled from light but it is taken into account by appropriate choice

of the relaxation rates in the system7.

As it was shown in Chapter 1, the linearly polarized light can be written in the

circular basis as

E = êyE0e
−(ωt−kz) = −iE0√

2

[
ê+e−i(ωt−kz) − ê−e−i(ωt−kz)

]
. (2.24)

Now the interaction of such light with the three-level Λ system is considered.

No magnetic field

At first the three-level Λ system in a zero magnetic field, i.e., with a degenerated

ground-state sublevels, is studied. Such system allows one to derive compact formu-

lae for the population difference and optical coherences which is not possible in a

nondegenerated case.

Introduction of the light field determined by relation (2.24) into the Hamiltonian

of interaction Hint and application of that Hamiltonian to Eq. (2.7) allows to obtain

the system of equations for the density matrix elements. In RWA this equations take

the form

ρ̇−− = i
ΩR

2
(σ0− − σ−0)− γ(ρ−− − ρ

(0)
−−) +

Γeg

3
ρ00,

ρ̇++ = i
ΩR

2
(σ0+ − σ+0)− γ(ρ++ − ρ

(0)
++) +

Γeg

3
ρ00,

ρ̇00 = i
ΩR

2
(σ0− − σ−0 + σ0+ − σ+0)− Γρ00,

σ̇0− = i
ΩR

2
(ρ−− + ρ+− − ρ00)− i(∆ω − iΓcoh)σ0−,

σ̇0+ = i
ΩR

2
(ρ++ + ρ−+ − ρ00)− i(∆ω − iΓcoh)σ0+,

ρ̇−+ = i
ΩR

2
(σ0+ − σ−0)− γρ−+,

(2.25)

7There is another simple system F = 1 → F ′ = 1 which, for linearly polarized light, can be
considered as superposition of the Λ and V systems. However, due to optical pumping, all population
is transferred to the Λ system in which m = 0 sublevel is empty and plays no role.
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where ρ−+ denotes the Zeeman coherence between the states |−〉 and |+〉. Eqs. (2.25)

prove that consideration of the Λ system as two independent two-level systems, as it

was done in Chapter 1, is incomplete approach. In the considered case, additional

terms ρ+− and ρ−+ related to the Zeeman coherence in the ground state, i.e., the

quantum superposition between |+〉 and |−〉 states, appear in the formulae for the

optical coherences. Therefore, in order to calculate the NOEs in three-level or more

complicated atomic systems, it is necessary to take these coherences into account.

The SSA solutions of Eqs. (2.25) obtains the form

∆ρ± = ρ±± − ρ00 =
N[∆ω2

v+Γ2
coh(1+Ω2

R/2γΓcoh)]
2(∆ω2

v+Γ2
B)

,

σ0± = NΩR(∆ωv−iΓcoh)

4(∆ω2
v+Γ2

B)
, (2.26)

ρ−+ =
NΓcohΩ2

R

4γ(∆ω2
v+Γ2

B)
.

where ΓB is the power-broadened relaxation rate given by Eq. (2.21). However, in

this case, the form of the effective relaxation rate is slightly modified with respect to

a two-level system
1

Γ′
=

1

γ
+

1

Γ
− Γeg

2γΓ
. (2.27)

due to spontaneous decay of the excited state to three ground-state sublevels.

Nonzero magnetic field

Now the attention is drawn to the three-level Λ-type atoms which are placed in a

magnetic field. An interaction of the atoms with the magnetic field is described by

the Hamiltonian HB

HB = −µ ·B, (2.28)

where µ is the magnetic dipole moment of the atoms. The magnetic field removes

the degeneracy of the Zeeman sublevels and shifts the energy of the m sublevel by

the Larmor frequency [see Eq. (1.9)].
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Introduction of the magnetic field, i.e., the splitting of the Zeeman sublevels,

modifies the equations describing the density matrix evolution. In the RWA they

take the new form

ρ̇−− = i
ΩR

2
(σ0− − σ−0)− γ(ρ−− − ρ

(0)
−−) +

Γeg

2
ρ00,

ρ̇++ = i
ΩR

2
(σ0+ − σ+0)− γ(ρ++ − ρ

(0)
++) +

Γeg

2
ρ00,

ρ̇00 = −i
ΩR

2
(σ0− − σ−0 + σ0+ − σ+0)− Γρ00,

σ̇0− = i
ΩR

2
(ρ−− + ρ+− − ρ00)− i(∆ωv + ΩL − iΓcoh)σ0−,

σ̇0+ = i
ΩR

2
(ρ++ + ρ−+ − ρ00)− i(∆ωv − ΩL − iΓcoh)σ0+,

ρ̇−+ = i
ΩR

2
(σ0+ − σ−0) + i(2ΩL + iγ)ρ−+.

(2.29)

In contrast to the degenerated case, the optical and Zeeman coherences depend on

the magnetic field which leads to some interesting effects which are discussed below.

Using the SSA and zeroing all left-handed sides of Eqs. (2.29), one can achieve

analytic solutions of the density matrix elements. However, these solutions have

rather complicated forms and presenting them here is dubious. Nevertheless, it is

quite instructive to discuss the optical coherences in the third-order perturbative

expansion in E, i.e., in the first order in which interference effects between Zeeman

sublevels show up

σ
(3)
0± =

NΩR

16A±

[
4− 4Ω2

RΓcoh

γ|A±|2 − 2Ω2
RΓcoh

γ|A∓|2 +
Ω2

R

2ΩL − iγ

(
1

A∓
− 1

A∗±

)]
, (2.30)

where A± = ∆ωv∓ΩL− iΓcoh. In Fig. 2.3 the real and imaginary parts of the optical

coherence σ0− are plotted versus the magnetic field. Analyzing Fig. 2.3, one can dis-

tinguish several contributions to the signal. The first one corresponds to the linear

effect (it appears already in the first-order of perturbation) and it is described by

the first term in square brackets in Eq. (2.30). However, there are observed narrower

contributions to the signals related to the nonlinear response of the medium. These

contributions have different widths. The broader contribution is related to the the

excited state and it is characterized by the relaxation rate Γ. This contribution is



26 Chapter 2 ¦ Nonlinear magneto-optical rotation

Normalized Larmor frequency

R
ea

l 
p

ar
t

Im
ag

in
ar

y
 p

ar
t

-0.02

-0.01

0

0.01

0.02

-3 -2 -1 0 1 2 3

0.01

0.02

0.03

0.04

0

Figure 2.3: Comparison of the real (a) and imaginary (b) parts of the optical co-
herence σ0− calculated numerically to all orders (solid line) and in the third-order of
perturbation (broken line) vs. the normalized Larmor frequency (ΩL/Γ). The discrep-
ancy between the two solutions shows the effect of the higher-order expansion terms
and increases with the light intensity. Simulations were performed for γ = Γ/20,
Γeg = Γ, ∆ωv = 0, ΩR = Γ/10, and N = 1.

described by the second and third terms in Eq. (2.30). Besides the broader contribu-

tion, much narrower contribution is also observed. This contribution is related to the

ground-state coherences and it is related to the last term in Eq. (2.30).

2.3.5 Complex refractive index

Evaluation of the density matrix enables to calculate the electric susceptibility χ, and

hence the complex refractive index η. Since the real part of the complex refractive

index determines the index of refraction n and the imaginary part is related to the
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absorption coefficient κ, this allows for calculation of the rotation of a polarization

plane of light traversing the birefringent and/or dichroic medium

φ =
ωl

2c
Re (η+ − η−) . (2.31)

2.4 Nonlinear magneto-optical rotation

Nonlinear magneto-optical rotation (NMOR) is a light-intensity-dependent rotation

of the polarization plane of linearly polarized light upon its propagation through a

medium placed in a magnetic field. According to the definition given in Sec. 2.1, the

NMOR is a typical NOE.

Invention and development of lasers in the second half of the 20th century enabled

investigations of interaction between strong light and matter. One of the phenomena

studied with laser was NMOR. First such measurements were performed in 1974 by

Gawlik et al. [19, 20]. The NMOR signals, which were measured as a function of a

magnetic field, revealed that, in addition to the well-known signal related to the linear

Faraday (Macaluso-Corbino) effect, the new signal was observed. In contrast to the

Doppler-broadened linear magneto-optical rotation (LMOR) signal, the new signal

was narrower than Doppler widths and the rotation of polarization plane depended

on the light intensity. Thus the results reported in Refs. [19, 20] were the first

observations of NMOR.

2.4.1 Different contributions to NMOR

A detailed analysis of NMOR signals recorded as a function of the magnetic fields

revealed that the signals consist of a group of nested dispersive-like Lorentzians of

different widths. Usually the broader contribution corresponds to the rate of relax-

ation of the excited state, while narrower contributions are related to the lifetime of

an atomic ground state.
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Bennett structure effects

The broader contribution to the NMOR signal is a result of interaction of narrow-

band light with a sample of thermal atoms. In such case light excites only atoms

from a particular velocity subgroup, the subgroup in which atoms are tuned to the

optical resonance due to their thermal motion, ∆ωv = 0. When the velocity-selective

optical pumping occurs, ”peaks” and ”holes” appear in velocity distribution [21].

Such redistribution of atomic population (Bennett effect) changes the properties of

the medium and consequently affects rotation of the polarization plane. For more

details about the Bennett-structure mechanism of NMOR see Ref. [22, 23].

It is noteworthy that the rotation of the polarization plane related to the Bennett

effect is characterized by the relaxation rate of the excited state Γ. Thus, this contri-

bution to the NMOR signal is described by the second and third terms in Eq. (2.30).

Ground-state-coherences effects

The narrower contribution or contributions to the NMOR signals are related to the

ground-state coherences [last term in Eq. (2.30)]. Since, as it appears in further parts

of this dissertation, such coherences and associated phenomena are the main subject

of this work, we discuss generation and evolution of the ground-state coherences in

more details.

In the previous section creation and evolution of the Zeeman-coherences were

described in the SSA (see Sec. 2.3.4). In such case time dependence was extracted

from the evolution of the density matrix and the matrix was considered static. Now

our attention is drawn to the dynamic evolution of the system. This approach is useful

because it provides an intuitive explanation of the discussed processes. It particularly

facilitates a description of NMOR with modulated light which is especially interesting

in context of this dissertation.

As stated above, a linearly polarized light creates quantum coherences between

Zeeman sublevels. In a case of a three-level Λ system interacting with y-polarized
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light the light-generated state is given by

|y〉 = − i√
2

(|+〉 − |−〉) . (2.32)

Each of the Zeeman sublevels corresponds to a given projection of an atomic angu-

lar momentum. Thus, the superposition |y〉 is related to a specific spatial orientation

of the angular momentum – an atomic alignment. An axis of the alignment is oriented

along the light-polarization direction. It can be shown [24], that optical anisotropy

of the medium is related to orientation of the angular momentum, in particular, the

axis of light-generated alignment determines the axis of the optical anisotropy of the

medium.

Using the time-dependent Schrödinger equation one can calculate a temporal evo-

lution of the quantum system. In a presence of the magnetic field, which is described

by Hamiltonian HB [Eq. (2.28)], the Schrödinger equation takes the form

i
∂

∂t
|φ(t)〉 = HB|φ(t)〉 (2.33)

where |φ(t)〉 is the quantum state of the system at time t.

Using Eq. (2.33) one can calculate the time evolution of the state |y〉. It is given

by

|φ(t)〉 = − i√
2

(|+〉eiΩLt − |−〉e−iΩLt
)
. (2.34)

It is seen from Eq. (2.34) that the initial state |y〉 rotates in the magnetic field

with the Larmor frequency ΩL. Since in quantum mechanics only a relative, rather

than absolute, phase is relevant one can easily show that every half of the Larmor

period state |φ(t)〉 reproduces itself, |φ(ϕ + π/ΩL)〉 = |φ(ϕ)〉.
The axis of the optical anisotropy associated with the atomic alignment also ro-

tates in the magnetic field. If now the probing interaction is considered, the angle

between the polarization of the probe light and the axis of the anisotropy determines

the magneto-optical rotation. In particular, the rotation is zero when the polariza-

tion of the incident probe-light and the axis of the anisotropy are either parallel, or

perpendicular, niπ/2, and it is maximal when the angle is π/4+niπ/2, where ni is the



30 Chapter 2 ¦ Nonlinear magneto-optical rotation

integer. Since, for the anisotropy rotating in the magnetic field, the angle between

probe-light polarization and optical anisotropy of the medium continuously changes,

the modulation of the light-polarization at 2ΩL is observed.

Although the discussion given above is conceptually correct, it is not complete. It

neglects some of the important processes such as continuous pumping of atoms and

relaxation of the ground-state coherences. Both of these processes affects NMOR and

they are analyzed below.

As discussed above, strong y-polarized light creates coherences among ground-

state sublevels (in Λ-type system it pumps atoms in the |y〉 state). As a result,

medium becomes transparent for that light. However, in the presence of a longitudinal

magnetic field the light-generated state rotates. Even a small angle between the light

polarization and the axis of the optical anisotropy associated with the state causes

light absorbtion and reorientation of the alignment. Thus, the continuous repumping

of atoms into the state aligned along y opposes the rotation of the polarization plane.

If the pump light intensity is too high, the pumping process can completely destroy

NMOR.

The relaxation of the coherences also limits NMOR. Although the strong light

creates superposition among Zeeman sublevels a number of aligned atoms decreases

in time. It was shown above that atomic coherences, and hence the magneto-optical

rotation, depend linearly on the number of atoms [compare with Eq. (2.30)] thus

relaxation reduces NMOR.

In absence of atomic collisions, the lifetime of optical coherences involving excited

atomic states is limited to twice the time required for spontaneous emission of a

photon and transition to the ground state8 [Eq. (2.10)]. On the other hand, for

coherences between atomic ground-state sublevels the effective lifetime τ is either

8For atomic structures with many excited-state sublevels one can observe also NMOR signals
which are related to the excited-state coherences. The lifetime of these coherences is usually same
as the lifetime of the excited state, thus, it is not possible to distinguish in the NMOR signal the
contributions that are related to the Bennett-structure and to the excited-state coherence effects. It
is noteworthy, however, that both contributions are quite broad and they were not observed in the
presented work. Thus, no more attention is paid to the excited-state coherence effect.
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Figure 2.4: Visualization of pumping of an atomic alignment with linearly polarized
light. The unpolarized sample (a) starts to interact with linearly polarized light which
redistributes atomic populations and creates Zeeman coherence. The subsequent
stages of pumping are presented in (b), (c), and (d). The last, peanut-like shape
corresponding to the state |y〉 has well visible spatial axis. This axis is related to
the axis of the optical anisotropy induced in the medium. The calculations were
preformed in the F = 1 → F ′ = 0 system.

determined by the interaction time between the light and atoms, or by the time

between coherence-destroying collisions. In the case of NMOR, the longer is the

lifetime of the coherences, the narrower NMOR signals can be obtained (for more

details see Appendix B).

Pictorial presentation of the processes

A convenient method of presentation of all the processes discussed above is the method

of visualization described in Ref. [25]. In this method, instead of numerical presenta-

tion of a density matrix, the matrix is shown in the form of 3D-surfaces such as the

distance of a given point on the surface corresponds to the highest possible projection

of the density matrix in that direction (for more details see Appendix A).

In Fig. 2.4 the pumping of the state |y〉 with linearly polarized light is shown.

Initially all atoms are in a thermodynamic equilibrium, i.e., all ground-state sublevels

are equally populated and there are no coherences in the system. Such state is

represented by a sphere [Fig. 2.4(a)]. Interaction with the linearly polarized light
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Figure 2.5: Subsequent stages of the time evolution of the medium under interaction
with strong CW light. Pumping, rotation, and relaxation of the atomic alignment
are three processes which take place simultaneously. Simulations were performed for
F = 1 → F ′ = 0 transition and ΩL ≈ γ.

causes redistribution of atomic populations and creation of a Zeeman coherence. The

subsequent stages of pumping are shown in Figs. 2.4(b)-(d). In Fig. 2.4(d) all atoms

are pumped into the |y〉 state which is visualized with a peanut-like surface.

When the magnetic field is switched on, the atomic alignment and hence the

“peanut” rotate along the axis determined by the magnetic field. The rotation occurs

in the presence of strong light which continuously pumps atoms and relaxation which

causes a decrease in the number of aligned atoms. The process is depicted in Fig.

2.5.

As a result of rotation, continuous pumping, and relaxation, a net anisotropy

of the medium is generated (Fig. 2.5). Its orientation, and hence magneto-optical

rotation of light propagating through the medium, depends on the magnetic field,

relaxation rate of the ground-state coherences, and the light intensity.
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Figure 2.6: Net rotation of the atomic alignment leads to the rotation of the polar-
ization plane of linearly polarized probe light.

The visual approach is a very useful and powerful tool. It describes NMOR

in a nice, intuitive way and enables one to analyze a number of other interesting

phenomena such as alignment-to-orientation conversion (see, for example [23, 26, 27]).

2.5 Nonlinear optical effects induced by modulated

light

In Sec. 2.3 the origins of the nonlinear optical effects induced by a strong CW light

field were discussed. In this part a theoretical approach to such effects generated by

modulated light is given.

There are couple of modulation techniques that can be used in NMOR experiments

(see Sec. 3.1). One of them exploits amplitude modulation of light interacting with

atoms. Since this technique is employed in some experiments presented in this disser-

tation, we consider interaction of AM light with atoms. Other modulation techniques,

for instance, frequency modulation, can be introduced by analogy.
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Figure 2.7: Time dependence of the intensity of amplitude modulated light. Ωm de-
notes the modulation frequency and am is the numerical factor related to the modu-
lation depth adepth by adepth = 2am/(1 + am).

Amplitude-modulated light

The cosinusoidally amplitude-modulated light is given in RWA by

E =E0êye
−i(ωt−kz) [1 + am cos(Ωmt)] =

=
−iE0√

2

[
ê+e−i(ωt−kz) − ê−e−i(ωt−kz)

]
[1 + am cos(Ωmt)] =

=
−iE0

2

[
ê+

(
e−iωt +

am

2
e−i(ω−Ωm)t +

am

2
e−i(ω+Ωm)t

)
eikz−

− ê−
(
e−iωt +

am

2
e−i(ω−Ωm)t +

am

2
e−i(ω+Ωm)t

)
eikz

]
,

(2.35)

where Ωm it the modulation frequency and am is the numerical factor related to

the modulation depth adepth by adepth = 2am/1 + am (see Fig. 2.7). The sinusoidal

modulation leads to a modification of a spectrum of light and to appearance, in

addition to the central (carrier) frequency ω of amplitude (1+am)E0, of two sidebands

of amplitudes am and frequencies ω − Ωm and ω + Ωm. Thus atoms interact with

trichromatic light.

In general, the other, nonsinusoidal modulations can be easily considered by ex-

pansion of the modulation into a Fourier series at multiples of Ωm. That would lead to
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appearance of higher harmonics of Ωm and generation of new frequencies in spectrum

of the light9.

Fourier expansion of the density matrix

Introducing light field given by Eq. (2.35) into the master equation [Eq. (2.7)] one

can calculate the evolution of the density matrix under interaction with modulated

light. After RWA, the relations describing evolution of the density matrix elements

are identical as those given in Eqs. (2.29). However, this time right-hand sides of

the equations are time dependent, i.e., the Rabi frequency ΩR oscillates at Ωm,

ΩR = Ω
(0)
R +Ω

(1)
R cos(Ωmt), where Ω

(0)
R and Ω

(1)
R are, respectively, the time-independent

and time-dependent components of the Rabi frequency that are proportional to the

amplitudes of carrier and sideband signals in the light spectrum. Thus, the SSA

cannot be applied at this point to solve the equations.

In order to solve Eqs. (2.29) the density matrix need to be expanded into the

Fourier series with the modulation frequency Ωm

ρ =
∞∑

k=−∞
ρ(k)eikΩmt, (2.36)

where ρ(k) is the k-th Fourier coefficient. Introducing the Fourier expansion of the

density matrix into the system of Eqs. (2.29) and collecting the terms standing by

exp(ijΩmt), where j is the integer, one obtains the infinite system of self-coupled

9It is important to point out that in a real experiment the amplitude modulation of light is
achieved by its intensity modulation. Thus even the sinusoidal modulation of light intensity (I ∼
|E|2) at Ωm leads to the appearance of higher harmonics of Ωm in the electric field spectrum. Such
harmonics should, in general, be included into the considerations, however, for small modulation
depths adepth they are strongly suppressed and hence can be neglected.
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(2.37)

Although at the first sight Eqs. (2.37) appear quite complicated, the expressions are

similar to these given in Eqs. (2.29). New terms arise due to couplings of the n-th

order density matrix elements to the n − 1-th and n + 1-th order elements by the

sidebands of light. Strength of this coupling is associated with the modulation depth

adepth.

Cut-off of the Fourier series

In order to solve the system of Eqs. (2.37), one needs to replace infinite Fourier

expansion given in Eq. (2.36) by the finite expansion

ρ =
nc∑

k=−nc

ρ(k)eikΩmt, (2.38)
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where nc is the cut-off of the series (ρ(n) ≡ 0 for n > |nc|). This approximation is

valid because most of the modulation waveforms have finite spectrum and hence the

Fourier series is convergent. The important question is the choice of nc to validate

this approximation. Typical values of nc corresponding to the experiments discussed

in this thesis are from 3 to 10.

The last step of solving Eqs. (2.37) is zeroing the left-hand side of the equations,

i.e., application of the SSA to the Fourier coefficients of the density matrix. That

way one get the system of equations that enables calculation of the density matrix

elements.

Medium response

In order to obtain total response of the medium to the modulated light, after sep-

arate calculation of the different-order coefficients, one needs to combine them all

in one formula based on Eq. (2.38). Analyzing form of the density matrix given by

this equation, one obtains that the medium responds at the different harmonics of

the modulation frequency. The strength of the response at the particular harmonic

is related to the modulation depth adepth and, in a general case, waveform of the

modulation.

In an experiment the signal at a given harmonic of the modulation frequency can

be singled out by application of a phase-sensitive detection.

The described theoretical approach to NMOR with modulated light is used for

simulations of the NMOR signals presented in following chapters.

2.6 Conclusions

Within this chapter the theoretical approaches to NOEs, and particularly to NMOR,

were presented. First, the relations between microscopic and macroscopic properties

of the medium were discussed. Sources of the optical nonlinearities of the medium

were analyzed using the density matrix approach. In the next part, attention was
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drawn to the processes that are responsible for appearance of the NMOR signals: the

Bennett-structure and Zeeman-coherence effects. The dynamic of the latter process

was described using the visualization method. We used this approach to discuss the

processes of continues pumping of atoms and relaxation of atomic coherences.

In the last section a theoretical approach to NOE generated by modulated light

was given. We presented the methodology, which allows to calculate NMOR signals.

In the following chapters, this approach is used for comparison of experimental results

with the theoretical simulations.

The theoretical description given in this chapter allows to understand the physical

and mathematical grounds of the NMOR processes and provides a good background

for analysis of NMOR with modulated light.



Chapter 3

Nonlinear magneto-optical rotation

with modulated light

In the previous chapter the theoretical background of NMOR was given. In particu-

lar, it was shown that the rotation of the polarization plane is limited by continuous

pumping of atoms and relaxation of the atomic coherences. Since in an alkali-vapor

cell the main mechanism of relaxation is related to inelastic collisions of atoms with

cell walls (see discussion in Appendix B), the lifetime of the coherences can be pro-

longed by preventing atoms from such collisions. Long lifetimes of the coherences

achieved in such a way allow an observation of ultra-narrow NMOR resonances and

open new possibilities for application of the method in precise measurements of a

magnetic field (see Chapter 5).

3.1 Synchronous pumping of atoms

The NMOR signals recorded with CW light can be observed only for the Larmor

frequency smaller than or comparable to the rate of relaxation of the coherences,

ΩL . γ (see, for example, review [26]). For stronger magnetic fields, i.e., when the

Larmor frequency greatly exceeds the relaxation rate of the ground-state coherences,

ΩL À γ, the NMOR signal amplitude decreases and reaches zero. A reduction of the
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signal amplitude is related to washing out of the light-induced polarization caused

by continuous pumping and rapid precession of the atomic alignment. However,

application of synchronous pumping of atoms allows to measure the NMOR signals

even if the Larmor frequency greatly exceeds the relaxation rate, ΩL À γ. Such

signals are observed when the modulation of the pumping rate is synchronized with

the Larmor precession. In such situation rotations of all atomic alignments are phased

and hence macroscopic polarization of the medium is generated. However, in this

case, in contrast to the CW excitation, the net alignment is not static, but rotates

in a magnetic field with the Larmor frequency, which results in a modulation of a

polarization plane of a probe light.

Using the phase-sensitive detection one can measure a dynamic response of a

medium to the modulated light. In such measurements, in addition to a zero-field

NMOR resonance, B ≈ 0, that was observed in a typical NMOR experiment, the new

so-called high-field resonances are observed for B ≈ ±Ωm~/2gµB (see signal shown

in Fig. 3.6). The strong NMOR signals are observed when the mismatch between the

Larmor frequency and half of the modulation frequency does not exceed relaxation

rate of the ground-state coherences. However, when the mismatch is much bigger

than the relaxation rate, no macroscopic polarization is generated in the medium and

hence no rotation of the probe-light polarization is observed.

In general, there are two techniques that can be used for modulation of the pump-

ing rate of atoms. The first technique exploits frequency modulation (FM) of light

interacting with atoms, the second uses amplitude modulation (AM) of light. Since

both of the methods were employed in the measurements presented within this dis-

sertation, they are briefly discussed below.

3.1.1 NMOR with modulated light

In the studies of optical phenomena with conventional light sources, AM light was

first used by Bell and Bloom in experiments on spin precession in a magnetic field [28].

Some time later FM modulated light was used by Barkov and co-workers [29, 30].
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Figure 3.1: Interaction of atoms with FM light leads to an effective modulation of
the pumping rate and hence to synchronous pumping of atoms. ω denotes the laser
central frequency, ω1 is the modulation range, and Ωm is the modulation frequency.
F → F ′ labels the transition from the ground state F to the excited state F ′.

In context of NMOR, FM was first used by Budker et al. [31]. In Ref. [31],

the authors demonstrated that such modulation may lead to generation of a macro-

scopic polarization of a medium and appearance of high-field resonances. This tech-

nique is called nonlinear magneto-optical rotation with frequency-modulated light

(FM NMOR).

When light frequency is scanned over a wing of a Doppler-broadened atomic tran-

sition in a way that it does not reach the center of the absorption line, FM leads to

effective modulation of the pumping rate of atoms (see Fig. 3.1). If the modulation

and Larmor frequencies fulfill the conditions given above (Ωm ≈ 2gF µBB/~), the

macroscopic polarization of the medium is created and the high-field resonances are

observed. The process of synchronous pumping of atoms with FM light is visualized

in Fig. 3.2.
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Figure 3.2: Visualization of the synchronous pumping of atoms with FM of light.
During the rotation of the atomic alignment “peanut” in the magnetic field, the light
frequency is scanned over the absorption profile such that it is tuned to the center of
the transition when alignment is oriented along the light-polarization direction and
far detuned when it is rotated by 90◦. In this case light intensity is unmodulated.

First experiments with AM in NMOR were preformed by Gawlik and co-workers

[32] and Balabas et al. [33]. The so-called AMOR (amplitude modulated magneto-

optical rotation) approach enables generation of macroscopic polarization of a medium.

The technique is based on modulation of the pumping rate by periodic changes of

the light intensity. Similarly as before, if the frequency of light modulation is syn-

chronized with the Larmor precession, macroscopic polarization of the medium is

generated. The process is depicted in Fig. 3.3.
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Figure 3.3: Amplitude modulation of light leads to the modulation of the atom pump-
ing rate. If modulation frequency is synchronized with the Larmor precession of the
“peanut”, a macroscopic polarization of the medium can be created. With this tech-
nique the light frequency does not change.

Each of the two techniques used for synchronous pumping of atoms has its advan-

tages and drawbacks. A detailed comparison of the techniques is given in Chapter 4.

3.2 Experimental setup

Within this dissertation a number of different experiments is described performed

either in Kraków, or in Berkeley. Therefore, it is not possible to give a universal

description of all setups that were used. However, in this section, we describe some

of elements of the setup that are common for all the experiments.
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Figure 3.4: Block diagram of experimental apparatus used for NMOR with modulated
light.

A schematic diagram of an experimental apparatus used for measurement of

NMOR with modulated light is shown in Fig. 3.4. Common elements for all setups

are: light source – diode laser, laser frequency locking system, multi-layer magnetic

shield, magnetic-field coils, vapor cell, polarimeter, and, in most of the cases, lock-in

amplifier.

3.2.1 Laser

In all experiments described in the dissertation external-cavity diode lasers were used

as light sources. The lasers emitted light tuned to the rubidium D1 (795 nm) or D2

(780 nm) line but particular tunings of the lasers varied in different experimental

realizations.

Frequency modulation of the light emitted by the laser was accomplished either

by modulation of a voltage on the piezoelectric element attached to the mirror in

laser’s external cavity, or by modulation of a laser current. The first method enabled

obtaining low modulation frequencies (up to 1 kHz), while the second method up

to 500 kHz. Although the latter method enables faster modulation, the current
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modulation also causes partial modulation of light intensity. Thus the method is a

combination of the frequency and amplitude modulations. In the FM measurements

the light-frequency modulation range was 220 MHz.

Amplitude modulation of light was realized using an acousto-optic modulator

(AOM). The unmodulated laser light traversed in a single or double pass through

the AOM driven by an 80-MHz radio-frequency (RF) signal. In the experiments, the

amplitude of the RF signal was modulated with arbitrary waveforms and frequencies

ranging from 100 Hz to 80 kHz.1 That resulted in amplitude modulation of the laser

light directed in the first order of diffraction. This light was than used for synchronous

pumping of atoms.

3.2.2 Laser frequency lock

In order to control the laser frequency, a small portion of its light was directed to

the laser stabilization system. The stabilization was realized either with the Dichroic

Atomic Vapor Laser Locking (DAVLL) system [34, 35] (Kraków and Berkeley), or its

modified version that enabled precise stabilization to the frequency at a particular hy-

perfine component – the Doppler-Free Dichroic Lock (DFDL) system [36] (Kraków).

The light beam passed through a vapor cell heated to the temperature of a couple of

tens of Centigrades in order to achieve sufficient vapor pressure and reliable stabiliza-

tion signal. The vapor cell was placed in a magnetic field of about 200 G for DAVLL

and about 10 G for DFDL which results in circular dichroism of the medium. The

intensities of circular components of linearly polarized light were recorded and elec-

tronically subtracted yielding a dispersive-like error signal. The signal was fedback

to the laser which ensured a long-term stabilization of the laser frequency.

In the case of FM NMOR, the system was adjusted for operation with FM light.

The main difference is application of the DAVLL signal detected with the lock-in

amplifier as the error signal for stabilization of laser frequency.

1It is noteworthy that there are no fundamental limitations on frequency modulation of RF-signal
amplitude. The attainable ranges of the modulation frequencies were limited by finite bandwidth of
the modulator driver.
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3.2.3 Magnetic shield

Nonlinear magneto-optical rotation observed with buffer-gas or paraffin-coated cells

has very strong dependence on the magnetic field. The resonance widths could be as

narrow as 1 µG. It brings about a necessity of a stabilization of a magnetic field at

much lower level.

In order to shield external magnetic fields, especially the Earth-magnetic field, the

vapor cell was placed inside a multi-layer shield made of a material of high permeabil-

ity. The shields are characterized by shielding factors different for static, quasi-static,

and oscillating magnetic fields. It is noteworthy that physical mechanisms which en-

able shielding static and oscillating fields differ. For more information on the subject

see Refs. [37, 38].

In our work three- (Kraków) and four-layer (Berkeley) mu-metal shields were

used. The three-layer shield provides attenuation of external magnetic field at a level

of about one part per ten thousand [39] while the attenuation of a specially designed

four-layer shield is much better reaching one part per million [38]. In both systems

shielding is roughly the same in all directions.

3.2.4 Magnetic-field coils

Despite shielding of the external magnetic field, some residual magnetic fields remain

in the innermost layer of the shield. These fields, however, can be compensated by

magnetic fields produced by a set of magnetic-field coils mounted inside the innermost

layer. The coils were used for compensation of homogenous fields, as well as magnetic-

field first-order gradients. Compensation of the gradients is especially important

in cells in which relaxation due to atomic spin-destruction collisions with the walls

is greatly reduced. In such case relaxation due to magnetic field inhomogeneities

becomes important (for more details on this subject see Appendix B).

The same set of coils was used for generation of an arbitrary oriented magnetic

field. Using the system of coils magnetic field can was changed between -2 G and 2

G (Kraków) or -0.5 G and 0.5 G (Berkeley).
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Figure 3.5: Energy-level structures of 85Rb and 87Rb – two rubidium isotopes used
in the experiments performed within this dissertation.

3.2.5 Vapor cells

In the experiments described in this dissertation rubidium vapors were used as an

rotating medium (energetic structures of two used rubidium isotopes: 85Rb and 87Rb

are given in Fig. 3.5). Rubidium was contained in antirelaxation-coated (Kraków and

Berkeley) or buffer gas (Kraków) cells. The cells varied in sizes, shapes, and materials

used as antirelaxation coatings. In the antirelaxation coated cells relaxation rates as

narrow as 2π×0.6 Hz were observed [40]. In the same time the narrowest resonances

observed in a buffer gas cell containing 3 torr of neon had ∼1 kHz2.

2Buffer-gas pressure for which the optimal trade-off between atom diffusion time and spin-
destruction collisions and hence the smallest relaxation rates of the ground-state coherences, is
estimated to be about 100 torr neon. Thus, the 3 torr pressure was far from optimum.
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3.2.6 Polarimeter

A polarization state of light can be described by the Stokes parameters [41]

S0 = Ix + Iy = I0,

S1 = Ix − Iy,

S2 = Iπ/4 − I−π/4,

S3 = I+ − I−,

(3.1)

where Ix and Iy are the intensities of the x- and y-polarized light components, respec-

tively, Iπ/4 and I−π/4 denote the intensities of the light in the reference frame rotated

by π/4 with respect to the z-axis, and I+ and I− refer to the intensities of two circular

components, σ+ and σ−, respectively. For polarized light these components can be

related to the polarization angle of light φ and its ellipticity ε

S ′1 = S1/S0 = cos 2ε cos 2φ,

S ′2 = S2/S0 = cos 2ε sin 2φ, (3.2)

S ′3 = S3/S0 = sin 2ε.

For the linearly polarized light the small angle of rotation of the polarization plane

can be associated with the Stokes parameters by

φ ≈ Iπ/4 − I−π/4

2
(
Iπ/4 + I−π/4

) . (3.3)

In our work a ”balanced polarimeter” method was used. Active medium was

placed between two high-quality crystal polarizers with their axes rotated by π/4 with

respect to one another. Light intensities in two channels of the analyzing polarizer

were measured with photodiodes. Basing on Eq. (3.3), a photodiode difference signal

enables measurement of an angle of rotation of the polarization plane.

Using the balanced polarimeter technique angles as small as 10−7 rad can be

measured.
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3.2.7 Lock-in amplifier

Sensitivity of the polarimetric measurements without modulation is limited by the

low-frequency noise. Therefore, in order to increase this sensitivity usually certian

type of fast modulation of light was used (see, for example, Ref. [42]). In such case

the lock-in detection is employed.

For measurements of NMOR with modulated light, a synchronous detection of

the polarization-plane rotation is needed. Thus a lock-in detector is an indispensable

element of an experimental setup.

In the case of NMOR with modulated light the polarimetric signal was measured

with the lock-in amplifier at the first or second harmonic of the modulation frequency

Ωm. It enabled observation of a dynamic response of the medium to the periodic

perturbation, and hence recording of the high-field NMOR resonances. The signals

were measured with a time constant ranging from 10 ms up to 300 ms. The in-phase

and quadrature components of the NMOR signals were stored on computers.

3.3 Signals of NMOR with modulated light

The NMOR signals can be observed as a function of: the magnetic field – the

magnetic-field domain (a), the modulation frequency – the modulation-frequency do-

main (b), and with laser (central) frequency – the spectral domain (c). These cases

are discussed below. The detailed description of the experimental setup used for these

measurements can be found in Chapter 4.

3.3.1 Magnetic-field domain

A typical AMOR signal measured in the magnetic-field domain with 87Rb is shown

in Fig. 3.6. The measurement was performed with sinusoidally amplitude-modulated

light of 100% modulation depth. The modulation frequency was Ωm ≈ 2π × 103 1/s

and the average incident light intensity 3 µW/mm2. The laser was tuned to the center

of the F = 2 → F ′ = 1 transition of the rubidium D1 line.
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Figure 3.6: Typical AMOR signal measured as a function of the magnetic field.
The upper trace is the in-phase and lower the quadrature component of the signal.
The signals were recorded with sinusoidal modulation of light with 100% modulation
depth, and Ωm ≈ 2π×103 1/s. The light was tuned to the F = 2 → F ′ = 1 transition
and its net intensity was 10 µW/mm2.

The first-harmonic in-phase signal is presented in Fig. 3.6(a). It consists of three

dispersively shaped resonances. The strongest resonance observed at B ≈ 0 is a

typical resonance observed also without modulation. With the modulated light its

appearance is related to a very fast, in comparison with the Larmor frequency, mod-

ulation of the light (Ωm À ΩL). In such case, atoms are effectively pumped by

unmodulated light thus there is no difference between modulated and unmodulated

light experiments. Two other resonances are the signals associated with synchronous

pumping of atoms. The high-field resonances are created when ΩL ≈ ±ΩL/2.

If there are no additional processes of relaxation that are present in higher and
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absent in lower magnetic fields, the widths of all three resonances are the same.

Since their amplitudes are comparable and the positions of the high-field resonances

in the magnetic-field domain can be changed by varying the modulation frequency,

the existence of the high-field resonances enable ultra-precise measurements of the

stronger magnetic field. The magnetrometry exploiting NMOR with modulated light

is discussed in Chapter 5.

The quadrature component of the NMOR signal is presented in Fig. 3.6(b). This

signal consists of two absorptive-like high-field resonances. In contrast to the in-phase

component, no signal is observed in vicinity of zero magnetic field3.

3.3.2 Modulation-frequency domain

A convenient method of studying the high-field resonances is their observation as a

function of the modulation frequency. An example of the AMOR signal measured in

the modulation-frequency domain is presented in Fig. 3.7. The signal was recorded

for 3 µW/mm2 and other parameters same as in Fig. 3.6.

Observation of the AMOR resonances versus the light modulation frequency en-

ables precise determination of the signal parameters. Especially the width of the

high-field resonance, which corresponds to the ground-state relaxation rate, can be

precisely determined. Therefore, NMOR can be used for studying the mechanisms

that determine the ground-state relaxation (see Appendix B).

3.3.3 Spectral domain

In Fig. 3.8 AMOR (a) and corresponding absorption spectra of 87Rb (b) are shown.

For these measurements magnetic field was fixed, ΩL = 2π × 103 1/s and since such

value of the Larmor frequency fulfills the condition ΩL = Ωm/2, the maximal NMOR

was observed.

3A small dispersive-like shape that might be observed in quadrature components of the NMOR
signal for zero magnetic field may be an artefact related to a leakage of the in-phase component into
this channel (wrongly adjusted phase). In higher light intensities, such zero-field resonance in the
quadrature component arises due to alignment-to-orientation conversion [43].
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Figure 3.7: In-phase (upper trace) and quadrature (lower trace) components of the
AMOR signal measured in the modulation frequency domain. The magnetic field
was fixed, ΩL = 2π× 500 1/s, and the average light intensity was 3 µW/mm2. Other
parameters were the same as in Fig. 3.6.

As seen in Fig. 3.8, the AMOR spectrum of high-field resonance is similar to the

NMOR one recorded for a zero-field resonance (compare with Fig. 4(c) in Ref. [31]).

Two extrema in the AMOR spectra appear at the F = 2 → F ′ = 1 and F = 2 → F ′ =

2 transitions. The opposite signs of these extrema are related to the opposite signs of

the corresponding dipole moments. Due to competition between NMOR at each of

these transitions, the rotation angle is zero for light tuned between the transitions.
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Figure 3.8: AMOR signal (a) and corresponding reference absorption spectrum of the
F = 1 → F ′ transition group of 87Rb (b) vs. the light detuning. The AMOR signal
was recorded with ΩL = Ωm/2 ≈ 2π× 500 1/s which maximizes it. Other parameters
were the same as in Sec. 3.3.2.

3.4 Conclusions

In this chapter NMOR with modulated light was discussed. We described two mod-

ulation techniques which are employed for synchronous pumping of atoms and which

result in appearance of the high-field NMOR resonances. Some general remarks about

setups used for investigation of FM NMOR and AMOR were made. Finally, we

presented NMOR signals obtained with AM light recorded in the three domains:

magnetic-field, modulation-frequency, and spectral domains.
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Chapter 4

AMOR versus FM NMOR

In the previous chapter the nonlinear magneto-optical rotation with modulated light

was discussed. A general description of two techniques of synchronous pumping of

atoms employing amplitude- and frequency-modulated light was given. Some re-

marks about experimental arrangements in which these methods are used in context

of NMOR were made. We concluded with the discussion of three main character-

istics of the NMOR signals: the magnetic-field, modulation-frequency, and spectral

dependences.

This chapter is dedicated to a detailed comparison of the nonlinear magneto-

optical rotation using amplitude-modulated light – AMOR and frequency-modulated

light – FM NMOR. In order to concentrate on physical distinctions arising due to

application of a particular technique, the measurements were performed in the same

experimental arrangement. Hence the only source of the difference between recorded

signals is the light-modulation technique. The presented signals were recorded as

a function of various experimental parameters such as the pump- and probe-light

intensities, their frequencies, modulation depths of the pump, etc. In this chapter a

detailed analysis of the results is performed, similarities and differences between the

modulation techniques are discussed, and finally their advantages and drawbacks are

pointed out.
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Figure 4.1: Layout of the two-beam experimental arrangement for comparison of
AMOR and FM NMOR.

4.1 Experimental setup

A general description of the experimental apparatus used for measurements of NMOR

is given in Chapter 3. In this section a specific arrangement used for comparison of

AMOR and FM NMOR is discussed.

The layout of the experimental setup is shown in Fig. 4.1. Sample of 87Rb was

contained in a spherical, antirelaxation coated vapor cell of 3 cm in diameter. In

order to achieve higher atomic concentration and optical depth on the order of unity

the cell was heated with hot air up to 40◦C. The cell was placed inside the four-layer

magnetic shield and the set of the three-dimensional magnetic-field coils. That way

homogeneity of a magnetic field inside the shield was much better than 1 µG. A bias

magnetic field of a few Gauss was applied with the coils along the x-axis.
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Two light beams, the pump and the probe, each 2 mm in diameter, were used.

The external-cavity diode laser (pump laser) produced light at 795 nm – the rubidium

D1 line (2S1/2 →2P1/2). The pump was tuned to the F = 2 → F ′ = 1 transition and

stabilized with DAVLL. However, in order to maximize the NMOR signals (see the

pump-light spectra shown in Fig. 4.11), the exact tunings of the laser were different

in the AMOR and FM NMOR experiments. The main beam was transmitted in a

single-pass through an AOM driven by an 80-MHz RF signal. That way the intensity

of light diffracted in the first order could be modulated and used in the AMOR

experiment. In the FM NMOR experiment a synchronous pumping of atoms was

realized by a sinusoidal modulation of laser current and no modulation of the AOM

RF signal.

The unmodulated light of 780 nm, the rubidium D2 line (2S1/2 →2P3/2), was used

as the probe. The frequency of the probe laser was tuned and stabilized (DAVLL)

to the center of the F = 2 → F ′′ transition group same in AMOR and FM NMOR

measurements. Such tuning maximized the amplitudes of both NMOR signals.

Application of two separated light beams interacting with atoms via different

excited states ensured that the optical rotation was only due to the polarization in

the ground state1.

The two beams propagated in orthogonal directions: the pump along the z-axis

and the probe along the x-axis being linearly polarized along the y-axis before entering

the cell.

Upon passing through the cell the polarization of the probe beam was modulated

by precessing anisotropy of the medium. The polarization was analyzed using the

balanced polarimeter which difference signal was detected at the first and second

harmonics of the modulation frequency Ωm.

1Since, for the magnetic fields and light intensities used in the experiments, the rotation of the
polarization plane of light due to the atomic coherences (see Sec. 2.4.1) is much bigger than the
rotation due to the Bennett-structure effect (see Sec. 2.4.1), thus the contribution from the latter
process was neglected.
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4.2 Efficiency of generation of the vapor anisotropy

In Fig. 4.2 the comparison of the signals recorded with AMOR and FM NMOR is

shown. The signals were measured for the sinusoidal modulation of the pump light
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Figure 4.2: Comparison of NMOR signals measured in AMOR (solid line) and FM
NMOR (broken line) experiments. The signals were recorded with sinusoidal modula-
tion of the pump light (corresponding to the modulation of the pumping rate of 80%)
and the same magnetic field ∼3 mG. Average light intensities used in the experiment
were: IAM

pump = 0.76 µW/mm2, IFM
pump = 1.3 µW/mm2, and Iprobe = 2.0 µW/mm2

(a); IAM
pump = 2.6 µW/mm2, IFM

pump = 3.8 µW/mm2, and Iprobe = 2.0 µW/mm2 (b);
IAM
pump = 5.7 µW/mm2, IFM

pump = 9.5 µW/mm2, and Iprobe = 38.2 µW/mm2 (c).

and the same magnetic field, probe-light tuning and intensity. The intensity of the

pump in AMOR and FM NMOR were different which reflects the modulation of light

frequency rather than its amplitude in FM NMOR. Although with FM the pump-light

intensity was unmodulated, pumping rate was varied by around 80% due to scanning

the laser frequency. Thus, in order to have a fair comparison between the AMOR

and FM NMOR signals, the averaged intensity of the AM pump was reduced by 40%

with respect to the FM-light intensity.

The amplitudes and widths of the AMOR and FM NMOR resonances measured
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for free different sets of the experimental parameters are nearly the same. That

proves that with the sinusoidal modulation, the only one which can be applied in

both techniques, the same efficiency of generation of medium optical-anisotropy can

be achieved.

4.3 Efficiency versus modulation depth

The modulation depth of the pumping rate, which in AMOR is related to the modula-

tion depth of the light intensity and in FM NMOR to the modulation range of the light

frequency, is one of the factors that determines the efficiency of medium-anisotropy

creation and hence amplitude of the NMOR resonances. In AMOR the bigger is the

modulation depth, the stronger NMOR resonances are observed [see Fig. 4.4(a)]. It

is so, since for weak modulation only a small fraction of total light intensity is mod-

ulated and only few atoms have their Larmor precession synchronized. Most of the

atoms interact with unmodulated fraction of the light which causes washing out of the

atomic polarization (see discussion in Sec. 2.4.1). Since for bigger modulation depth

the effect of washing out of the polarization is reduced, the anisotropy is generated

more efficiently. Therefore, growth of the AMOR signal with increasing modulation

depth is observed.

A dependence of the FM NMOR resonance amplitude on the modulation range

is more complicated. In this case, modulation of the pumping rate is realized by

periodic scanning of the pump-laser frequency over a Doppler-broadened absorption

line. For modulation ranges small in comparison with the average light detuning,

there is one-to-one correspondence between modulation of the laser frequency and the

pumping rate. Thus, a sinusoidal modulation of the laser frequency causes sinusoidal

modulation of the pumping rate [Fig. 4.3(a)]. However, with an increase of the

modulation depth one starts to scan nonlinear parts of the absorption profile. In such

case higher harmonics of the modulation frequency may appear in the pumping-rate

modulation [Fig. 4.3(b)]. That complicates the relation between the modulation range
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Figure 4.3: Pumping rate of atoms vs. the modulation range of FM light. For small
modulation ranges, ω1 < ∆ω (a) there is one-to-one correspondence between the
light modulation range and the modulation of the pumping rate. For the modulation
ranges comparable with the average pump-laser detunings, ω1 ≈ ∆ω, nonlinear parts
of the absorption line are scanned and higher harmonics appear in the modulation of
the pumping rate (b). If the modulation range exceeds the detuning of the central
frequency of the pump light, ω1 > ∆ω, (c), the pumping rate is strongly nonlinear
function of the pump-light modulation frequency.

and the amplitude of the NMOR signals. In particular, the signals do not grow linearly

with the modulation range and the dependence slowly levels off [Fig. 4.4(b)]. For even

higher modulation depths, for which the light frequency traverses the absorption peak

[Fig. 4.3(c)], the atoms from less-populated velocity groups are synchronously pumped

and decrease of the resonance amplitude can be observed.

In Fig. 4.4 the amplitudes of the AMOR and FM NMOR resonances are shown

versus the modulation depth and the modulation range. The observed dependences

confirm the expectations. The amplitudes of the AMOR signals grow linearly with

modulation depths just like the amplitudes of the FM NMOR signals do for small

modulation ranges [some spread of data points seen in Fig. 4.4(a) is most likely caused

by inaccuracy in determination of modulation depth]. For larger ranges the FM

NMOR resonance amplitudes level off and do not grow with the increasing modulation

range. Since the central frequency of the laser is detuned about 300 MHz from the

center of the resonance, this behavior is a manifestation of the effects described above.
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Figure 4.4: Amplitude of the AMOR resonance vs. the modulation depth (a) and
the FM NMOR amplitude as a function of the modulation range (b). The signals
were recorded for B ≈ 7 mG and a sinusoidal modulation of the pump light. The
average light intensities were: Iprobe = 4.7 µW/mm2, IFM

pump = 5.3 µW/mm2, and
IAM
pump = 3.0 µW/mm2.
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4.4 Pulse pumping in AMOR

An advantage of AMOR over FM NMOR is the ability of a straightforward modifi-

cation of light-modulation waveforms. In particular, amplitude modulation enables

modulation of the light intensity with a variable duty cycle2 square-wave modulation

which cannot be done using frequency modulation of light.

4.4.1 Duty-cycle dependence – “Pumping with darkness”

In Fig. 4.5 the amplitudes of the first- and second-harmonic AMOR signals are pre-

sented as a function of the duty cycle of a square-wave modulation. The signals were

recorded for Ωm ≈ 2ΩL for the first and Ωm ≈ ΩL for the second harmonic.

As seen, for very low duty cycles the efficiency of creation of medium optical

anisotropy is low. In such case, atoms interact with light only for a short time and

the ground-state coherences are created in few atoms. With higher duty cycles, i.e.,

with longer light pulses, more atoms are pumped into the aligned state [Eq. (2.32)]

and hence the optical anisotropy is bigger. The maximum efficiency is achieved for

about 25% duty cycle at the first harmonic and about 12% duty cycle at the second

harmonic, i.e., pulse duration of approximately one-tenth of the Larmor period. For

higher duty cycles the efficiency rapidly drops and is negligible in the range from

30% to 70% in the first harmonic and from 15% to 85% in the second harmonic.

This is related to washing out of the atomic polarization by too long illumination.

However, the AMOR signals were again observed for the duty cycles higher than

70%. Since, in this case atoms were pumped with light which was switched off just

for a short period of time, it appears as if the anisotropy was created with darkness.

Of course, atoms are pumped with light but their precession is synchronized by the

periods of darkness. As it is shown below, from a mathematical point of view the

duty cycle of the square-wave modulation acyc is equivalent to pumping with the duty

cycle 1 − acyc. The appearance of the AMOR signals for longer duty cycles agrees

2Duty cycle is defined as the ratio of the pulse width to the modulation period. For a symmetric
square-wave modulation with equal light-on and light-off periods the duty cycle is 50%.
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Figure 4.5: Amplitudes of the first (a) and second (b) harmonic AMOR signals vs.
the duty cycle of the square-wave modulation. The signals were recorded with 95%
modulation depth, I10%

pump=12 µW/mm2, and Iprobe=3 µW/mm2.

thus with expectations. In a real experiment one needs to take into account other

processes, therefore “pumping with darkness”, that is how the process was called,

is less effective than “pumping with brightness” although its efficiency still reaches

about 70% of the latter process.

At time t, an optical rotation of a CW probe light caused by an atomic alignment

generated at time t′ is proportional to

φ ∝ sin [2ΩL(t− t′)] e−γ(t−t′). (4.1)
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To calculate the net polarization rotation at t one needs to sum over all contribu-

tions from alignments generated before t. In such case, Eq. (4.1) takes the form

φ ∝
∫ t

−∞
Is(t

′) sin [2ΩL(t− t′)] e−γ(t−t′)dt′, (4.2)

where Is is the temporal profile of pumping light. Using trigonometrical transforma-

tions one can rewrite Eq. (4.2) as

φ ∝ e−γt

[
sin(2ΩLt)Re

∫ t

−∞
Is(t

′)e(γ+2iΩL)t′dt′ − cos(2ΩLt)Im

∫ t

−∞
Is(t

′)e(γ+2iΩL)t′dt′
]
.

(4.3)

In order to integrate Eq. (4.3) one needs to explicitly introduce the temporal profile

of pumping light. Since in the considered case this profile is given by a square wave

of duty cycle acyc, the integral (4.3) becomes sum of integrals over each pulse3

φ ∝ e−γt

{ ∞∑
j=1

[sin(2ΩLt)ReSj − cos(2ΩLt)ImSj]

}
, (4.4)

where Sj is given by

Sj =

∫ −(j−acyc)T

−jT

e(γ+2iΩL)t′dt′ =
1

γ + 2iΩL

[
e−(γ+2iΩL)(j−acyc)T − e−(γ+2iΩL)jT

]
. (4.5)

In derivation of Eq. (4.4) we assumed that Ωm = 2ΩL and γ ¿ ΩL. Under these

assumption one can neglect S0. Combining Eqs. (4.4) and (4.5) one obtains the

formula for time-dependent magneto-optical rotation

φ ∝ sin(2ΩLt)ReStot − cos(2ΩLt)ImStot, (4.6)

where Stot is given by

Stot(acyc) =
1− eacycT (γ+2iΩL)

1− eT (γ+2iΩL)
. (4.7)

Basing on relation (4.7), one can show that Stot(acyc) which determines amplitude of

NMOR is symmetric relative to acyc = 50%, i.e., Stot(acyc) = Stot(1−acyc). Moreover,

the model predicts that the strongest NMOR signals should be observed with 25%

3For the simplicity we assumed that t ∈ [0, T ).
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and 75% duty cycles and signal measured with 50% duty cycle should be very small.

That is in good agreement with the experimental results presented in Fig. 4.5. Slight

difference in the amplitudes of the NMOR signals for acyc and 1− acyc not predicted

in this simple model is caused by neglecting a number of processes such as repumping

of atomic alignment and generation of higher-order coherences (see Chapter 6).

4.4.2 Magnetic-field comb

Another interesting feature of the AMOR signals can be observed with a square-wave

modulation when the modulation frequency is on the order of the relaxation rate of

the ground-state coherences, Ωm ≈ γ.4 In such experimental conditions the medium

is effectively pumped and the NMOR resonances are observed for any duty cycle.

This allows to study the effect of the modulation depth on the AMOR signals in

slightly different conditions than those described in Sec. 4.4.1.

The AMOR signals recorded in the magnetic-field domain for several duty cycles

are shown in Fig. 4.6. Analyzing the figure one observes that for lower duty cycles

new AMOR resonances appear at higher magnetic fields. For 50% modulation depth

the high-field resonances were observed only at ΩL = ±Ωm/2 but with shorter duty

cycles extra resonances were also observed at ΩL = ±nΩm/2, where n is the integer

bigger than 0. Basing on Fig. 4.6, one gets that a number of the resonances and their

amplitudes depend on the duty cycle of the modulation.

The new resonances are generated by higher harmonics of the modulation fre-

quency that are present in the modulation signal. For 50% duty cycle a dominant

Fourier component of the modulation is at Ωm. That generates the high-field reso-

nances only at ±Ωm/2. For shorter duty cycles the medium is also synchronously

pumped with the higher harmonics of the modulation signal which leads to appear-

ance of the new AMOR resonances. Since the amplitudes of the Fourier components

4These measurements were performed in the single-beam AMOR experiment realized in Kraków.
Thus the signals were measured in different experimental setup and conditions than other results
presented in this chapter. However, they reveal one of the advantages of AMOR and that is a reason
for presenting them here.
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Figure 4.6: Synchronously detected AMOR signals recorded with 100% square-wave
modulation and 50% duty cycle and Ipump = 4.8 µW/mm2 (a), 35% duty cycle and
Ipump = 3.2 µW/mm2 (b), and 20% duty cycle and Ipump = 1.9 µW/mm2 (c). Upper
row shows the in-phase component and lower the quadrature component of the AMOR
signals. The dashed line in (c) corresponds to the numerical simulations performed
using Ref. [44]. Small discrepancy between the experimental and theoretical curves
is, most likely, due to not perfectly square-wave modulation of light.

present in a square-wave modulation depend on the duty cycle, variation of this pa-

rameter causes a change in relative sizes of the AMOR resonances at different ΩL.

In order to verify that hypothesis we simulated the NMOR signal using a mod-

ified, time-dependent Kanorsky-Weis model (for more details see Ref. [44]). It ap-

peared that a good agreement between such model and experiment [see broken line

in Fig. 4.6(c)] is obtained.

The resonances observed at harmonics of the modulation frequency may reach high

magnetic fields even with low modulation frequencies. Thus high magnetic fields can

be also measured at lower modulation frequencies and shorter duty cycles. It also

enables stabilization of the magnetic fields to such values that the ratios of related

Larmor frequencies to modulation frequencies form simple fractions, for example, 2:1,

3:5, 7:2.
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4.5 Light-intensity dependences

4.5.1 Amplitudes versus light intensity

It was stated in Chapter 2 that the nonlinear interaction between light and matter

is a prerequisite to observe NMOR. In this section, we demonstrate that such inter-

action has to occur at the pumping stage to modify the properties of the medium,

but to detect the light-modified properties of the medium a linear interaction is suf-

ficient. Thus angle of NMOR linearly depends on the pump-light intensity but it is

independent from the probe-light intensity5.

Pump-light intensity dependence

The amplitudes of the NMOR resonances recorded in the first harmonic of the mod-

ulation frequency presented versus the pump-light intensity are shown in Fig. 4.7.

The signals were measured for three different probe-light intensities. The AMOR sig-

nals were recorded with the square-wave modulation of ∼25% duty cycle, while the

FM NMOR resonances were measured with the sinusoidal modulation and 220 MHz

modulation range.

In the low-intensity range the amplitudes of the NMOR signals depend linearly

on the pump-light intensity. For higher light intensities saturation starts to play an

important role and the dependences deviate from the predicted linear dependence.

This tendency is observed for lower pump-light intensities in FM NMOR than in

AMOR (see Fig. 4.7). Thus saturation with the first modulation technique is stronger

than with the second one.

Since saturation is usually an unwanted effect that, among others, limits measure-

ments of magnetic fields based on NMOR (see Chapter 5), weaker saturation of the

AMOR resonances is an advantage of this method in the magnetometry.

5Note that for results presented in Sec. 4.5 the probe light tunings in the AMOR and FM NMOR
measurements were different. While AMOR signals were measured for the probe tuned to the center
of the F = 2 → F ′′ transition group, the FM NMOR measurements were performed with the light
detuned about 100 MHz toward the high-frequency wing of the Doppler-broadened transition.
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Figure 4.7: Amplitudes of the AMOR (a) and FM NMOR (b) resonances vs. the
pump-light intensity. For low pump-light intensity amplitudes of the NMOR res-
onances grow linearly with the intensity. Deviation from the linear dependences
observed for higher light intensities is caused by saturation. It starts to play an im-
portant role for lower pump-light intensities in FM NMOR than in AMOR. That is
a significant advantage of the latter method, especially taking into account applica-
tions of the methods (see Chapters 5 and 6). The AMOR signals were recorded with
the square-wave modulation of 25% duty cycle and 80% modulation depth, while the
FM NMOR resonances were measured with the sinusoidal modulation and 220 MHz
peak-to-peak modulation range (∼80% modulation of pumping rate).
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Probe-light intensity dependence

The dependences of the NMOR signal amplitudes as a function of the probe-light

intensity are shown in Fig. 4.8. In order to have better understanding of the NMOR

signals behavior the dependences were recorded for different pump-light intensities6.
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Figure 4.8: Amplitudes of the AMOR (a) and FM NMOR (b) resonances vs. the
probe-light intensity. The amplitudes of the AMOR resonances are almost indepen-
dent from the probe-light intensity, as expected. In contrast, the amplitudes of the
FM NMOR resonances drop with the increasing probe-light intensity. This behavior
is related to the saturation processes that are more pronounced in FM NMOR than
AMOR. The data were collected with the same modulation and magnetic field as in
Fig. 4.7.

6Although average pump-light intensities in AMOR and FM NMOR measurements were different,
the pumping rates in corresponding data sets of both techniques (same symbols in Fig. 4.8) are the
same.
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The AMOR measurements confirm the theoretical expectations. The signal am-

plitudes are independent from the probe-light intensity [Fig. 4.8(a)] which proves

that the linear interaction between light and matter is sufficient for detection of the

NMOR signal7. The FM NMOR dependences, however, are different than the ones

recorded with AMOR. The amplitudes of the FM NMOR signals are not independent

from the probe-light intensity but they drop with its increase [Fig. 4.8(b)]. This be-

havior is related to the saturation processes that manifest themselves much stronger

in FM NMOR than in AMOR. The observation shows that creation and detection of

the optical anisotropy of the medium are closely related to one another. In fact, it

is not very surprising, since in FM NMOR light is not switched off but simply tuned

away from the resonance and still interacting with atoms.

4.5.2 Widths versus light intensity

A width of the high-field NMOR resonance δΩm, i.e., a half-width at half maximum of

the quadrature component of the signal, measured at the first harmonic of the modu-

lation frequency in the modulation-frequency domain8, is equal to the relaxation rate

of the ground-state coherences γ. Therefore NMOR with modulated light provides a

useful method for studying atomic-polarization relaxation mechanisms in vapor cells

(see Appendix B).

Below the widths of the AMOR and FM NMOR resonances are studied as func-

tions of the pump- and probe-light intensities. We show that the resonances exhibit

power broadening that illustrates a modification of the lifetimes of the ground-state

7Note that if the polarimeter signal is measured directly, i.e., when it is not divided by total light
intensity, a signal depends linearly on the probe-light intensity. However, this is a manifestation of
the Malus law – intensity of light transmitted through a polarizer Itr depends on the incident-light
intensity I0 through Itr = I0 cos2 α, where α is the angle between incident-light polarization and
axis of the polarizer.

8Since the modulation frequency is related to the Larmor frequency by Ωm = 2ΩL, the width of
the AMOR or FM NMOR signal measured in the modulation-frequency domain δΩm is two times
broader than the width of the signal recorded in the magnetic-field domain δΩL, δΩm = 2δΩL.
Thus, the NMOR widths measured in the latter domain are related to the rate of relaxation of the
ground-state coherences by δΩm = γ/2.
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coherences by saturation. The observed dependences allow to extrapolate the reso-

nance widths to zero pump- and probe-light intensities and hence determine the re-

laxation rates caused by such processes as collisions with walls, spin-exchange atomic

collisions, etc.

Pump-light intensity dependence

In Fig. 4.9 the widths of the AMOR and FM NMOR resonances are given as functions

of the pump-light intensities. The observed dependences are similar for both light
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Figure 4.9: Widths of the AMOR (a) and FM NMOR (b) resonances vs. the pump-
light intensity. The same NMOR signals were used for extracting the amplitudes (see
Fig. 4.7) and widths.

modulation techniques. For low pump-light intensities the widths scale linearly with

the intensity. Linear fits to the experimental data in low pump-intensity range show
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that power broadenings of the resonances due to pump-light intensities are slightly

stronger in FM NMOR (0.68(3) Hz·mm2/µW) than in AMOR (0.60(1) Hz·mm2/µW).

Deviations from the linear dependences observed for higher intensities are related to

saturation.

It was shown in Sec. 4.2 that the widths and amplitudes of the AMOR and FM

NMOR resonances are almost identical if the net power of pumping pulses in both

techniques are the same (see Fig. 4.2). In this case, however, the situation is slightly

different. The AMOR and FM NMOR resonances have almost the same amplitudes

(see Fig. 4.7) their widths are different. Moreover, even though the net power of the

pumping pulse in AMOR is much higher that in FM NMOR, the AMOR resonances

are less power-broadened than the FM NMOR resonances. A source of this difference

is the modulation waveform used for modulating light in either of the techniques. The

AMOR results presented in this section were measured with a square-wave modulation

of light with duty cycle of 25%, whereas the measurements described in Sec. 4.2

were performed with sinusoidal amplitude modulation of light. Thus a source of the

difference is the waveform of the modulation.

An observation that atomic system can be effectively pumped with square-wave

AM and, in the same time, the relaxation rate of the coherences can be less disturbed

by light, has important implications. Since with such modulation NMOR signals of

the same amplitudes but narrower widths can be observed, better sensitivity of the

magnetic field measurements can be obtained (for more details see Chapter 5).

Using the data presented in Fig. 4.9 one can extrapolate the width of the high-field

NMOR resonances to zero pump-light intensity and hence determine the relaxation

rates of the ground-state coherences in no-pump-light limit. The results are collected

in Table 4.1. For each probe intensity the relaxation rates determined with AMOR

and FM NMOR are roughly the same. A small discrepancy between the extrapolated

widths (the AMOR resonances are broader than FM NMOR resonances) is a result

of the probe-light power broadening. Although in the corresponding data sets, the

probe-light intensities were the same, the tunings were different. Therefore, the power
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Table 4.1: Widths of the NMOR resonances extrapolated to zero pump-light intensity.

Probe intensity (µW/mm2) γAM/2π (Hz) γFM/2π (Hz)

6.8 8.7(3) 8.6(2)
10.0 9.7(2) 8.5(5)
30.0 12.2(3) 11.5(3)

broadening due to the probe is more significant in AMOR, where the laser was tuned

to the center of the Doppler-broadened transition, than in FM NMOR measurements.

The different tuning of the probe beam in AMOR and FM NMOR manifests even

stronger for probe-light dependences of the resonances (see Fig 4.10). The divergence

in the extrapolated widths in the same technique arises due to the probe-light power

broadening.

Probe-light intensity dependences

The widths of the AMOR and FM NMOR resonances measured for different probe-

light intensities are given in Fig. 4.10. For both modulation techniques the broad-

enings of the resonances are linear in the probe-light intensity. Stronger power-

broadening of the AMOR resonances (0.434(2) Hz·mm2/µW) comparing to the FM

NMOR resonances (0.321(8) Hz·mm2/µW) versus the probe-light intensity is related

to different tunings of the probe in the AMOR and FM NMOR measurements. It is

important to point out that small detunings of the probe from the maximal NMOR

signals affect the amplitude of the NMOR signals much weaker than the widths, which

are much more sensitive to such changes of the laser frequency. Vertical offsets of the

recorded dependences are related to the pump-light power broadening

Table 4.2 collects the widths of the AMOR and FM NMOR resonances extrap-

olated to zero probe-light intensity. As it is seen from Table 4.2, the extrapolated

widths of the AMOR and FM NMOR resonances are the some within the error bars.
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Figure 4.10: Width of the AMOR (a) and FM NMOR (b) resonances vs. the probe-
light intensity. The experimental parameters are the same as in Fig. 4.8.

At this point one can calculate the relaxation rate of the ground-state coherences

double-extrapolated to zero pump- and probe-light intensities. Using either of the

modulation techniques the same value of the rate of relaxation was obtained γ =

2π × 8.0(2) 1/s.

4.6 AMOR and FM NMOR in spectral domain

In this section we compare the AMOR and FM NMOR signals measured as a function

of the pump- and probe-light frequencies. These dependences emphasize differences

between the two modulation techniques and stress the advantages and drawbacks of

the methods in particular applications, e.g., in magnetometry.
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Table 4.2: Widths of the NMOR resonances extrapolated to zero probe-light intensity

IAM
pump (µW/mm2) γAM/2π (Hz) IFM

probe (µW/mm2) γFM/2π (Hz)

2.4 8.5(2) 4.0 8.3(3)
8.1 9.7(3) 12.0 9.7(2)
18.0 11.8(1) 30.0 11.8(2)

4.6.1 Pump-beam frequency dependences

The quadrature components of the AMOR and FM NMOR signals are shown in

Fig. 4.11. The signals were recorded for Ωm = 2ΩL for which the in-phase component

of the signal is zero but the quadrature component is maximal. The measurements

were performed at the first harmonic of the modulation frequency Ωm in a vicinity

of the F = 2 → F ′ transition group. For the AMOR and FM NMOR measurements

the probe light was tuned to the center of the F = 2 → F ′′ transition group.

From Fig. 4.11(a) one obtains that in the studied range of the pump frequencies

the AMOR spectrum has two extrema appearing at the F = 2 → F ′ = 1 and

F = 2 → F ′ = 2 transitions. A ratio between the amplitudes of the extrema is

related to relative strengths of the transitions. The AMOR spectra are plotted for

three different pump-light intensities in order to analyze the spectrum changes with

different pump intensity. Obtained data proved that a shape of the spectrum is

independent from the pump-beam intensity and its change leads to a scaling of the

AMOR signal.

As seen in Fig. 4.11(b), the FM NMOR spectra are different from AMOR spectra,

i.e., instead of two extrema observed at the frequencies of optical transitions, three

extrema are observed. This difference arises due to the light modulation technique

applied for synchronous pumping of atoms. In FM NMOR light is frequency modu-

lated which leads to an effective differentiation of the NMOR spectrum and hence its

change. To prove that FM NMOR is simply differentiated NMOR signal in inset to

Fig. 4.11(a) the differentiated AMOR signal is shown.
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Figure 4.11: Quadrature components of the AMOR (a) and FM NMOR (b) signals,
and corresponding reference absorption spectrum of 87Rb (c) measured as a function of
the pump-light (central) frequencies at the first harmonic of the modulation frequency.
In the inset the differentiated AMOR signal is shown. The signals were recorded for
Ωm = 2ΩL for which the in-phase component of the signal is zero but the quadrature
component is maximal. An increase of the pump-light intensity leads not only to
scaling of the AMOR signals but also to a slight change of the FM NMOR signals at
low- and high-frequency wings of the transition. The FM NMOR signals were recorded
with the sinusoidal light of light and 220 MHz modulation range which corresponds to
80% modulation depth of the pumping rate; the AMOR spectra were measured with
the square-wave modulation of light (80% modulation depth and 25% duty cycle).
Although the average pump-light intensities were different for the AMOR and FM
NMOR measurements, energy of the pumping pulse is the same in both cases. The
spectra were recorded with Iprobe ≈ 10 µW/mm2 and Ωm ≈ 9.7 kHz.
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At the first sight the FM NMOR spectra [Fig. 4.11(b)] seem to behave similarly

(scales) to the AMOR signals with the increasing pump-light intensity. However, a

detail analysis revealed that it is not true. In addition to the change of the signal am-

plitude, the shape of the FM NMOR spectrum changes as well. In the first harmonic

of the modulation frequency the changes of the FM NMOR spectra are not strong but

they can be observed at low- and high-frequency wings of the F = 2 → F ′ transition

group. This change, however, is much more pronounced when the FM NMOR signal

is measured at the second harmonic of the modulation frequency.

In Fig. 4.12 the second harmonic AMOR and FM NMOR signals are shown9. As

seen, different pump-light intensities lead to a strong modification of the spectrum.

New features appear at the wings of the F = 2 → F ′ transition. Moreover, the signal

at the F = 2 → F ′ = 2 transition saturates at lower pump-light intensities than the

signal at F = 2 → F ′ = 1 transition, hence their relative amplitudes change.

As discussed above, in FM NMOR the synchronous pumping of atoms is real-

ized by tuning laser light into and away from the atomic transition. In such case,

even detuned light interacts with atoms10. This leads to a very complicated pump-

ing of atoms, especially when light is modulated with the Larmor precession or its

subharmonic.

In order to verify that spectrum changes are associated with the off-resonance

pumping of atoms, in Fig. 4.13 the FM NMOR spectra are shown for a few different

modulation ranges. By varying the modulation range one can control the amount of

the off-resonant pumping, i.e., larger modulation ranges lead to weaker off-resonant

pumping of the medium. The presented data confirm that the changes of the FM

NMOR spectrum observed with different pump-light intensities are caused by off-

resonant interaction between light and matter11.

9The FM NMOR spectra observed at the first and second harmonic of the modulation frequency
have different shapes due to the fact that these signals are the first and second derivatives of the
NMOR spectrum.

10In our typical experimental conditions modulation range was 220 MHz while the Doppler width
was 300 MHz.

11It is important to stress that similar change of the NMOR spectrum with increasing pump-light
intensity would be observed in AMOR with sinusoidal modulation of light. In such case atoms are
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Figure 4.12: Quadrature components of the AMOR (a) and FM NMOR (b) signals,
and reference absorption spectrum of the 87Rb D1 line (c) recorded vs. the pump-
light frequency at the second harmonic of the modulation frequency. The signals
were measured for Ωm = ΩL. Similarly as before, in these measurements an increase
of the pump-light intensity changes only the amplitude of the AMOR signal but
its shape stays intact. However, the intensity increase caused reshaping of the FM
NMOR spectrum. The ratio of the extremum amplitudes changes with the pump-
light intensity. Moreover, relatively strong contributions to the signals appeared at
the wings of the spectrum. This behavior is due to the saturation processes and
off-resonant pumping of the atoms with FM light. The spectra were recorded for the
same experimental parameters as in Fig. 4.11 but 12% duty cycle of AM light and
Ωm ≈ 4.9 kHz.



4.6. AMOR and FM NMOR in spectral domain 79

F=2

1 2

(a)

(b)

Probe light detuning (GHz)

Q
u

ad
ra

tu
re

 s
ig

n
al

 (
m

ra
d
)

T
ra

n
sm

is
si

o
n
 (

%
)

-0.2

-0.1

0

0.1

0.2

-1 -0.5 0 0.5 1 1.5 2

80

90

100

90MHz
160MHz
245MHz
330MHz

Modulation range

Figure 4.13: Quadrature components of the FM NMOR signals (a) and corre-
sponding absorption spectrum of 87Rb measured as a function of the pump-light
frequency at the second harmonic of modulation frequency. The spectra were
recorded with sinusoidal modulation of light, pump- and probe-light intensities being
Ipump ≈ 2 µW/mm2 and Iprobe ≈ 10 µW/mm2, respectively.

4.6.2 Probe-beam frequency dependences

The quadrature components of the first (Ωm = 2ΩL) and the second (Ωm = ΩL)

harmonic FM NMOR signals recorded measured versus the probe-light frequency are

shown in Fig. 4.14. In opposite to the pump-frequency measurements, shapes of the

AMOR and FM NMOR spectra are the same. The difference in amplitudes of the

signals is associated with the same tuning of the pump for both measurements. Since,

as it is shown in Fig. 4.11, the maximum of the AMOR signal correspond to close

to zero signal in FM NMOR, thus by optimizing one signal (AMOR) we strongly

not off-resonantly pumped but they are reinforced by not completely switched off light.
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Figure 4.14: Quadrature components of the first (a) and second (b) harmonics of the
FM NMOR signal, and absorption spectrum of the 87Rb D2 line (c) measured as a
function of the probe-light frequency. The signals were recorded for the sinusoidal
modulation of the light and Ipump ≈ 10 µW/mm2. The probe light intensity was
Iprobe ≈ 10 µW/mm2.
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suppressed another one (FM NMOR). In fact for the pump tuning maximizing the

AMOR and FM NMOR signals separately, we achieved very similar spectra (shape

and amplitude).

In order to understand why there are only two extrema in the NMOR spectra

which appear at the wings of the Doppler-broadened F = 2 → F ′′ transition group

but three transitions, one needs to take note of opposite signs of dipole moments

corresponding to the transitions: while dipole moment of the F = 2 → F ′′ = 1, 3

have the same signs, the F = 2 → F ′′ = 2 transition dipole moment is opposite.

Therefore the signs of the associated NMOR signals are opposite. Since in the center

of the F = 2 → F ′′ transition the probe beam simultaneously interacts with all three

excited states, the competition between the rotations at each transition is observed

and hence no rotation is observed. Away from the center of the resonance one of the

components of the rotation is dominating and the net rotation is observed.

In our studies we verified that the FM NMOR spectra are independent from

the pump-light tuning and intensity and they are not changing with the probe light

intensity, either.

4.7 Conclusions

This chapter was dedicated to the detailed comparison of two NMOR employing

modulated light: AMOR and FM NMOR. We presented a number of experimental

dependences measured for various pump- and probe-light parameters. First, it was

shown that light amplitude and frequency modulation with sinusoidal waveforms is

equally efficient in creation of the medium anisotropy. However, as we pointed out

in the following sections, the situation is different with the square-wave modulation

of the pump. In such case, the AMOR signals are more effectively generated and

simultaneously obey weaker power broadening than the FM NMOR resonances. This

is some advantage of AMOR in its applications for magnetic field measurements.

Another advantage of AMOR in magnetometry is a possibility of generation of the
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magnetic-field combs which enable reaching high magnetic fields with low modulation

frequencies. The combs extended the range of magnetic fields that can be measured

and/or stabilized by AMOR.

Later we discussed an interesting magneto-optical process, i.e., “pumping with

darkness”. It was demonstrated that the medium anisotropy can be quite effectively

generated with the high duty cycle – “short pulses of darkness”. This is the first

known observation of such behavior.

Analyzing the amplitude dependences of the AMOR and FM NMOR resonances

it was shown that the nonlinear interaction is needed only for generation of the optical

anisotropy of the medium. At the same time a linear interaction between light and

matter is sufficient to detect this anisotropy.

NMOR spectral domain studies revealed that there is off-resonant pumping in

FM NMOR which complicates the analysis of the signal. Particularly, it leads to

modification of the spectrum with different pump-light intensities and modulation

depths. This effect, however, is not observed in AMOR with square-wave modulation.

It is important to note that despite all the AMOR advantages in magnetometry,

FM NMOR can be still quite appealing in this application due to a simplicity of

frequency modulation of diode lasers by modulating the diode current or voltage on

piezoceramic element in external cavity.



Chapter 5

Magnetometry based on NMOR

with modulated light

Ultra-sensitive measurements of magnetic fields are exploited in many areas of re-

search, ranging from biology and medicine [45, 46, 47] through geophysics [48, 49]

to tests of fundamental symmetries [50, 51, 52, 53, 54, 55]. Over the past decades,

the most sensitive magnetometers were sensors based on superconducting quantum

interference devices (SQUIDs). SQUIDs permit very high sensitivity of magnetic field

measurements, low noise level, and measurements of rapidly changing fields. Their

serious drawbacks, however, are the necessity of cryogenic cooling and hence big di-

mensions and high maintenance costs.

During past decades, the great attention was drawn to atomic magnetometers,

i.e., devices that employ magneto-optical phenomena for measurements of magnetic

fields. For the first time, such effects were used in late 60-ties of 20-th century by

group from Ecole Normale Supérieure [56, 57]. The authors demonstrated the sen-

sitivity of the very weak magnetic field measurements of about 1.3 × 10−9 G/
√

Hz.

Recently, due to significant technical advances it was possible to achieve sensitivities

of such atomic magnetometers rivaling [31, 58, 59, 60, 61, 62] and even surpassing

[63] that of SQUID-based magnetometers. Atomic magnetometers have the intrinsic

advantage of not requiring cryogenic cooling that greatly reduces maintenance costs.
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Moreover, recent developments in optoelectronics and elaboration of efficient meth-

ods for microfabrication of atomic-vapor cells opened a possibility for miniaturization

of atomic magnetometers to the dimensions of ∼1 mm3 [33, 64]. Thus atomic mag-

netometers offer the possibility of compact, affordable, and portable ultra-sensitive

magnetic sensors.

Estimated shot-noise limit of a sensitivity of the magnetic field measurement bas-

ing on NMOR with unmodulated light reaches 3× 10−11 G/
√

Hz [60]. However, this

method, and generally most of ultra-sensitive magnetometric methods, are limited to

measurements of very weak magnetic fields. It results in the necessity of an operation

of the magnetometers in a magnetically shielded environment or using a feedback coils

system to null an ambient magnetic field. While the first method is restricted only

to measurements of very weak magnetic fields, the second method enables detection

of the stronger fields with highly reduced sensitivity1.

5.1 High-field measurements

Existence of high-field resonances in AMOR and FM NMOR opens a possibility of

direct measurements of stronger magnetic fields, especially in the Earth-magnetic-field

range, which is very important for many applications. In the modulation-frequency

domain a central frequency of the high-field resonance is related to the magnetic field,

Ωm = 2ΩL, thus tracking the resonance position permits magnetic field measurements

and hence construction of a scalar magnetometer. Since the amplitudes and widths

of the high-field resonances are comparable with the amplitude and width of the zero-

field resonance (see Fig. 3.6), the sensitivity of higher-magnetic field measurements is

comparable to the sensitivity of zero-field measurements.

1According to tests performed with the presently most sensitive magnetometer, the SERF mag-
netometer with which the sensitivity of 5.4× 10−12 G/

√
Hz was demonstrated and theoretical limit

is at a level of 10−13 − 10−14 G/
√

Hz [63], in an unshielded environment with a system of feedback
magnetic-field coils a huge reduction of the magnetometer sensitivity to a level of 10−8 G/

√
Hz is

observed [65], i.e, sensitivity drops almost four orders of magnitudes.
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5.1.1 Sensitivity of magnetic field measurements

The sensitivity of the NMOR based magnetic field measurements δB is given by

δB =

(
dφ

dB

)−1

δφ, (5.1)

where φ is the optical rotation angle or, in case of NMOR with modulated light, the

amplitude of the synchronously detected optical rotation and δφ is the sensitivity

of the rotation of the light polarization. For magnetic field measurements using the

NMOR signals recorded in the modulation-frequency domain, relation (5.1) needs to

be rewritten into the form

δB =

(
dφ

dΩm

dΩm

dB

)−1

δφ. (5.2)

Basing on the resonance conditions for generation the anisotropy of the medium,

Ωm = 2ΩL one obtains that

dΩm

dB
= 2

dΩL

dB
= 2

gF µB

~
. (5.3)

The sensitivity of rotation of the polarization-plane measurements in the modulation-

frequency domain can be written as

dφ

dΩm

≈ A

γ
, (5.4)

where A is the amplitude of the signal. Substituting Eqs. (5.3) and (5.4) into Eq. (5.2)

one gets the formula for the sensitivity of the magnetic field measurements using

NMOR

δB =
γ~

AgF µB

δφ. (5.5)

Equation (5.5) allows one to estimate a limit of magnetic field measurements

related to the polarimetric shot-noise in which case the angular sensitivity δφ is given

by

δφ =
1

2
√

Nph

, (5.6)

where Nph is the number of photons in the light beam per unit time.
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Figure 5.1: Simplified diagram of the FM NMOR setup used for magnetic field mea-
surements in broad range of magnetic fields (from very weak to Earth magnetic fields).

Relation (5.5) confirms the statement formulated in the previous Chapter that the

narrower and stronger, i.e., the steeper, the resonances are, the higher sensitivities of

the magnetic field measurements can be achieved.

5.1.2 Experimental apparatus

The experimental setup given in Fig. 5.1 is essentially the same as the one described in

Chapter 4. The main difference is that in the discussed experiment only one FM light

beam was used for pumping and probing the atoms (the single-beam arrangement). In

order to improve the homogeneity of the magnetic field along the light-propagation

direction (the x-axis) produced by the coils placed inside the shield, an additional

set of magnetic coils, second-order gradient coils, was used. That allows one to

reduce the broadening of the FM NMOR resonances in higher fields related to the

inhomogeneities of the field (for a detail analysis of an influence of inhomogeneities

of the magnetic fields on the relaxation rate of ground-state coherences and hence

NMOR resonances see Appendix B).
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The central frequency of the laser was tuned to the low-frequency wing of the

F = 2 → F = 1 transition of the 87Rb D1 transition (∆ω ≈ 300 MHz) and stabilized

using the DAVLL. The laser-light frequency was modulated by around 220 MHz by

scanning laser current. A diameter of light beam was 4 mm and its power ranged

from 20 µW to 1.0 mW.

5.1.3 Results

As it was discussed in Chapter 2, strong linearly polarized light establishes coherences

between Zeeman sublevels of ∆m = |m1−m2| = 2, where m1 and m2 are the magnetic

numbers determining the first and second Zeeman sublevels, respectively. For the

light tuned to the F = 2 → F ′ = 1 transition, three different coherences are created

between ground-state Zeeman sublevels ρ−2,0, ρ−1,1, and ρ0,2. In low magnetic fields

the evolution frequencies of all three coherences are the same. Thus they give rise

to a single NMOR resonance centered at 2ΩL, such as presented in Fig. 3.7. This

resonance was used for magnetic field measurement.

In Fig. 5.2 a typical magnetic field trace obtained using NMOR with modulated

light is shown2. In the experiment the magnetic field was scanned in a range of about

40 mG. Every 8 s a step-change of 38 µG was applied after which magnetometer found

new frequency for which the resonance condition Ωm = 2ΩL. Since there is no inertia

of the Larmor precession, the time constant is effectively limited by electronics.

Stronger magnetic fields lead to a modification of the NMOR signal presented

in Fig. 3.7. An example of such modification is shown in Fig. 5.3 which depicts

the NMOR signal recorded for Bx = 405 mG in a vicinity of twice the Larmor

frequency, Ωm = 2ΩL. These data demonstrate that in the geophysical field range,

the FM NMOR signals for 87Rb take on more complicated shape caused by the effects

described in Sec. 5.1.4.

2Although tracking signal shown in Fig. 5.2 was obtained in different NMOR experimental ar-
rangement with a single-beam AMOR (similar to the one discussed in Sec. 5.3), it is the same as
the signal measured in a two-beam arrangement of the FM NMOR experiment. However, this signal
was chosen because it demonstrated magnetic field tracking in a broader magnetic field range.
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Figure 5.2: Tracking signal of the magnetic field using NMOR with modulated light.
Every 8 s a step-change of the magnetic field of 38 µG occurred. After each step
the system finds and adjusts to a new modulation frequency for which the resonance
condition, Ωm = 2ΩL, was fulfilled. The inset illustrates the systems response to the
magnetic-field step.

5.1.4 Limitations

It is seen in Fig. 5.3 that in our experimental conditions, the high-field NMOR res-

onance splits into three different resonances for fields comparable with the Earth

magnetic field. This splitting is related to 1) the nonlinear Zeeman and 2) the ac

Stark effects. These effects and their implications for the NMOR based magnetome-

try are discussed below.

Nonlinear Zeeman effect

The resonances shown in Fig. 5.3(a) correspond to three ∆m = 2 ground-state Zee-

man coherences created in the F = 2 state. Splitting of the single resonance (com-

pare with Fig. 3.7) is a result of the nonlinear Zeeman effect and different evolution

frequencies of the coherences. To prove that the signal presented in Fig. 5.3(a) is

determined by the nonlinear Zeeman effect the in-phase component of the signal is
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Figure 5.3: In-phase (solid triangles) and quadrature (hollow triangles) components
of the FM NMOR signal recorded vs. the modulation frequency for Bx = 405 mG
and light power of 95 µW (a). The data are fit with three dispersive (absorptive)
Lorentzians (solid lines). Fitted in-phase components of the three different ∆m = 2
resonances plotted separately (b).

fit to three dispersive-like Lorentzians while the quadrature to three absorptive-like

Lorentzians. In Fig. 5.3(b) the three fits to the in-phase component of the signal are

shown separately.

In sufficiently weak magnetic fields, ΩL ¿ ∆hf, where ∆hf is the frequency dif-

ference between two hyperfine levels in the ground state, in which a contribution of

the nuclear magnetic moment can be neglected, the energy E(F,m) of a particular

ground-state Zeeman sublevel of an alkali atom with nuclear spin I = 3/2 is given by
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a perturbative expansion of the Breit-Rabi formula (see, for example, Ref. [66])

E(F, m) ≈ EF + (−1)F~
[
mΩL + (4−m2)

Ω2
L

∆hf

]
, (5.7)

where EF is the energy the hyperfine level. Using Eq. (5.7) one can calculate energy

difference between ∆m = 2 sublevels in the F = 2 state

Ω2,0 = 2ΩL − δNLZ,

Ω1,−1 = 2ΩL, (5.8)

Ω0,−2 = 2ΩL + δNLZ,

where δNLZ = 4Ω2
L/∆hf is the frequency splitting of of the resonances associated with

the nonlinear Zeeman effect.

Analyzing Eqs. (5.8) one obtains that the three resonances presented in Fig. 5.3(b),

i.e., “lower”, “central”, and “upper” resonances, are related to the coherences ρ−2,0,

ρ−1,1, and ρ0,2, respectively. Moreover, it is noteworthy that since the sublevels

m = ±1 are shifted by the same amount the position of the “central” resonance

is unaffected by the nonlinear Zeeman effect, i.e., it still linearly depends on the

magnetic field.

In Fig. 5.4 the splitting of the resonances due to nonlinear Zeeman effect is shown

as a function of the bias magnetic field. Points represent the measured splitting of

the resonance while a solid line presents the theoretically predicted splitting given

by δNLZ ≈ (gFµBB)2/~2∆hf calculated for 87Rb, for which ∆hf = 6.834 GHz. The

theoretical prediction δth
NLZ = 286.7 × 10−6 Hz/mG2 is in good agreement with the

data fit to a purely quadratic dependence δfit
NLZ = 287.6(26)× 10−6 Hz/mG2.

AC Stark shift

Another limiting factor of the magnetic field measurements based on NMOR with

modulated light is the ac Stark effect. Since non-resonant light shifts atomic sublevels,

it also modifies the evolution frequencies of the Zeeman coherences. Thus, the overall
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Figure 5.4: Nonlinear Zeeman splitting δNLZ of the ground-state sublevels in 87Rb for
different magnetic fields. The splitting was determined by extrapolation of the FM
NMOR signal to zero light intensity. The solid line is the theoretical prediction, given
by δNLZ ≈ (µBB)2/~2∆hf.

shifts of the FM NMOR resonances including the nonlinear Zeeman and ac Stark

effects are

Ω2,0 = 2ΩL − δNLZ + (δ2 − δ0),

Ω1,−1 = 2ΩL + (δ1 − δ−1), (5.9)

Ω0,−2 = 2ΩL + δNLZ + (δ0 − δ−2).

The ac Stark effect arises due to different strengths of the dipole moments in dif-

ferent branches of the F = 2 → F ′ = 1 transition and differences in optical detunings

of magnetically shifted ground-state sublevels. Although a complete treatment of the

ac Stark shift is a complicated task3, some insight into the problem can be gained

from a heuristic approach in which we ignore that all laser-induced transitions are

3To solve the problem using a density matrix calculations one needs to include such effects as
optical pumping, evolution of the coherences in magnetic field, Doppler broadening, etc. In fact, it
is even more complicated because one needs to evaluate contributions from ac Stark shifts different
light tunings and average them over a modulation period.
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self-coupled. In this case, the shift of sublevel m can be approximated by [67]

δm =
d2

mE2

4

∆ωm

∆ω2
m + Γ2

, (5.10)

where dm is the dipole matrix and ∆ωm is the detuning of the sublevel m from the

optical resonance.

Using Eq. (5.10) one gets that for small detunings, ∆ωm ¿ Γ, the shifts of the

ground-state sublevels depend only on the strength of the relevant dipole matrix

element. Therefore, the shifts of the m and −m states are the same, δm = δ−m.

However, in the Earth field range, the difference in light detuning of the ground-state

sublevels is significant with respect to the natural linewidth, yielding an asymmetry

in the shifts δm and δ−m. For light far detuned from the optical transition towards

low frequencies, the shifts of all sublevels are negative. Thus the shifts of the FM

NMOR resonances due to the nonlinear Zeeman and ac Stark effects have the same

sign. Due to the different detunings of the light from each sublevel which arise due

to magnetic field, not only positions of the two side resonances change but also a

position of the “central” resonance is altered. Taking into account the assumptions

that light is far detuned to the low-frequency wing of the optical transition and that

4ΩL is much less than natural linewidth Γ of the transition, one gets

δ2 − δ−2 ≈ 4(δ1 − δ−1). (5.11)

Basing on Eq. (5.11) and using the fact that the relevant transition dipole matrix

elements differ by a factor of
√

2, one can calculate that the “central” resonance is

shifted from 2ΩL by only 10 Hz out of 700 kHz at 150 µW/mm2. Therefore it is not

a significant problem which in practical device can be simply corrected.

The difference between the position of the “central” resonance and an averaged

“upper”- and “lower”-resonance positions, (δ2,0 + δ0,−2)/2, is given in Fig. 5.5. The

straight lines show linear fits to the data. The average ac Stark shift is 108 Hz/mW.

Offset from zero of the resonances in extrapolation to zero light power is due to the

nonlinear Zeeman effect. The sign of the asymmetry is consistent with the experi-

mental parameters, i.e., low-frequency tuning of the light.
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Figure 5.5: Average splitting of the FM NMOR resonances vs. the light intensity for
three different magnetic fields: circles, squares, and triangles correspond to 302 mG,
405 mG, and 482 mG, respectively. The shifts arise due to the ac Stark effect.
Overlaying the data are linear fits. The offset from zero in no light extrapolation is
due to the nonlinear Zeeman effect.

Overcoming the limitations

Although the processes discussed above are important factors that reduce sensitivity

of the magnetic field measurements, their influence on the sensitivity can be lim-

ited. Since the two states m = ±1 in 87Rb are shifted in the magnetic field by the

same amount, the position of the “central” FM NMOR resonance and, in general, any

“central” high-field resonance, depends linearly on a magnetic field. Nevertheless, the

shape of the high-field resonances recorded in 87Rb is deformed in the Earth magnetic

field (see Fig. 5.3). In order to avoid such deformation in stronger fields, chemical

elements with smaller ∆hf may be used, e.g., potassium. For these elements the non-

linear Zeeman shifts of the ground-state sublevels are pronounced already at weaker

magnetic fields so that in the Earth-field range the high-field NMOR resonances are

split far enough that each of them can be described by a separate dispersive curve.
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Another elegant solution is application of the sublevels with the highest projection

of an angular momentum in the higher-F hyperfine component of a given element, m =

±F [68]. Such sublevels are not affected by the nonlinear Zeeman effect and hence the

position of the corresponding high-field NMOR resonance is a linear function of the

magnetic field. However, such solution brings a necessity of creation and detection of

the Zeeman coherence between the sublevels of m = ±F . As discussed in the next

chapter, NMOR with modulated light enables such selective creation and detection

of the coherences.

The shifts of the FM NMOR resonances due to the ac Stark effect can be limited

by application of the AM light interacting with atoms (AM). Since in that method

not frequency but intensity of light is modulated, the ac Stark shifts can be reduced

by appropriate tuning of the light. This is one of the reasons why in the next attempts

to a magnetometry based on NMOR with modulated light the amplitude modulation

is favored [69, 70].

5.1.5 Sensitivity of high-field measurements

Basing on discussion given in Sec. 5.1.1, one can estimate the sensitivity of the

high-field measurements. For 150 µW power of 795 nm light the shot-noise limit of

angular sensitivity of the polarimeter is ∼ 4× 10−8 rad/
√

Hz. At this light power the

amplitude of the high-field FM NMOR signal is A ≈ 5 × 10−4 rad and its width is

γ ≈ 2π × 10 Hz4. Inserting these numbers into Eq. (5.5) one gets

δB ≈ 6× 10−10 G/
√

Hz. (5.12)

Although it is one of the highest sensitivities ever achieved for high-field magnetic

field measurement it is somewhat short of the sensitivity estimate at 1 mG (3 ×
10−11 G/

√
Hz) [31].

4We neglect the broadening of the FM NMOR resonances due to inhomogeneities of the magnetic
field. In fact, inhomogeneities of the field related to the geometry of our magnetic field coils leads
to the broadening of the resonances up to 60 Hz in magnetic field of about 0.5 G.



5.1. High-field measurements 95

In addition to the splitting of the resonances due to the nonlinear Zeeman effect,

the strongest contribution to the reduction of the sensitivity comes from FM NMOR

resonance parameters. The unsplit FM NMOR resonance used for estimation of the

sensitivity in Ref. [31] had amplitude of ∼ 1 mrad and width of 1 Hz, while for higher

field its amplitude is smaller and width is about 10 times broader. It is anticipated

that considerable improvement of the sensitivity can be achieved by optimization of

such experimental parameters as light modulation depth and waveform, density of

the medium, etc.

5.1.6 High-field magnetometry – conclusions

In this section we show that NMOR with modulated light can be used for a magne-

tometry of the stronger magnetic fields up to the Earth-magnetic field. Existence of

the high-field resonances allows one to measure the strength of the magnetic field and

hence potentially to construct an ultra-sensitive, very fast, all-optical atomic magne-

tometer. The presented results demonstrate possibility of obtaining the sensitivity

of strong magnetic fields, i.e., comparable with the Earth-magnetic field, at the level

of 6 × 10−10 G/
√

Hz with a room for further optimization and a bandwidth limited

practically by electronics.

Additionally, it was shown that for light tuned to the F = 2 → F ′ = 1 transition

of 87Rb and the magnetic field of hundreds of milliGauss, the NMOR resonance splits

into three resonances. The splitting arises due to the nonlinear Zeeman and ac Stark

effects. We showed that despite the splitting, the position of the “central” resonance

linearly depends on the magnetic field. As we demonstrated deviation from the

resonance position due to the ac Stark shift is small for relatively intense light (10 Hz

out of 700 kHz).
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5.2 Vector magnetometer

In the previous section the ultra-sensitive optical magnetometry of stronger mag-

netic fields was discussed. As demonstrated, the NMOR magnetometers may allow

to measure magnitude of a magnetic field, i.e., the method is scalar. However, in

many applications direction of the magnetic fields is an important quantity. We show

in this section that NMOR with modulated light also allows obtaining information

about a direction of a magnetic field. Therefore it is possible to construct a vector

magnetometer.

5.2.1 Experimental apparatus

The experimental setup in which an influence of a magnetic field direction on the high-

field NMOR resonances was studied, was the same as one described in the previous

section. The only difference was the direction of the magnetic field which in the

pervious case was oriented along the light-propagation direction and in presented

arrangement can be varied. In order to avoid the processes described in Sec. 5.1, i.e.,

the nonlinear Zeeman and ac Stark effects, a magnitude of the applied magnetic field

and light intensity were kept low.

5.2.2 Results and analysis

For a magnetic field applied along the light-propagation direction, the NMOR high-

field resonances are observed only at Ωm ≈ ±2ΩL. When these two directions are

not parallel, amplitudes of these two resonances decrease and additional resonances

appearing at Ωm ≈ ΩL may be observed. Since they change with a magnetic-field tilt

angle their sizes can be used for determination of a direction of the field.

In Fig. 5.6 the FM NMOR signals are presented for different tilt angles in the

xz-plane, i.e., the plane perpendicular to the light-polarization direction. For the

magnetic field oriented along the light-propagation direction a resonance was observed

at Ωm = 2ΩL. A small resonance at ΩL is a result of using the same beam for pumping
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Figure 5.6: In-phase and quadrature components of the FM NMOR signal vs. the
modulation frequency recorded for various angles between the magnetic field and the
light propagation direction in the xz-plane. A small residual signal observed for 90◦ is
a result of the fact that light polarization is not perfectly aligned along the y-axis and
hence for the magnetic field aligned along this axis a tiny rotation of the polarization
plane was observed.
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Figure 5.7: Amplitude of the FM NMOR signals recorded at 2ΩL vs. the tilt angle of
the magnetic field in the xz-plane. The solid line is a cosine fit to the experimental
points.

and probing of the medium. Following plots in Fig. 5.6 show that the amplitude of the

FM NMOR signal decreases with increasing tilt angle in the xz-plane. Dependence

of the 2ΩL-resonance amplitude on the xz-plane tilt angle is shown in Fig. 5.7.

For understanding the observed dependences, it is very convenient to consider

the time evolution of the atomic polarization. In order to do so, the density-matrix

visualization method is used (Appendix A).

As it was discussed in the previous chapters, a linearly polarized light creates

atomic alignment and hence optical anisotropy of a medium. An axis of this anisotropy

rotates around a magnetic field with the Larmor frequency. If the relaxation rate of

the ground-state coherences is much smaller than the Larmor frequency, γ ¿ ΩL,

and the conditions for synchronous pumping of atoms are fulfilled (see discussion in

Chapter 3) then the macroscopic anisotropy is created in the medium. For the mag-

netic field oriented along the light-propagation direction, atomic alignment returns

to its original state after rotation by 180◦. Hence polarization of the probe light is
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modulated at 2ΩL
5. For the magnetic field tilted in the xz-plane the situation is sim-

ilar, i.e., alignment returns to its original state after rotation by 180◦ (see Fig. 5.8).

The amplitude of the modulation decreases with the tilt angle which is related to the

fact that only anisotropy in a plane perpendicular to the light-propagation direction

contributes to the rotation of the light polarization. Therefore, in the discussed case,

only a projection of the anisotropy onto the yz-plane causes NMOR. Basing on sim-

ple trigonometrical considerations it can be easily shown that this projection changes

with the tilt angle as cosine of the angle between B and the light-propagation direc-

tion. Hence the xz-tilt angle dependence of the NMOR signal amplitude was fitted

with such function. It is seen from Fig. 5.11 that experimental data are in very good

agreement with the theoretical predictions.

In Fig. 5.9(a) signals simulated in a simple F = 1 → F ′ = 0 system are shown as

a function of the magnetic-field tilt angle. Comparing results of the simulations with

the data shown in Fig. 5.10, one observes very good agreement between theory and

experiment is achieved.

The FM NMOR signals for different xy-plane magnetic-field tilt angles are shown

in Fig. 5.10. In contrast to the previous case, in which only one high-field FM NMOR

resonance was observed (Ωm = 2ΩL), the xy-tilt results in appearance of additional

resonance at Ωm = ΩL. The amplitude of the new resonance increases with the

tilt angle while at the same time the amplitude of the 2ΩL resonance decreases. In

Fig. 5.11 the amplitudes of both resonances are plotted versus the xy-plane tilt angles.

It is noteworthy that a ratio of the two amplitudes of the Ωm = ΩL and Ωm = 2ΩL

resonances is an universal quantity independent from the light intensity and/or a

magnitude of the magnetic field. In this case, however, a simple analytical formula

for the amplitudes versus the xy-plane tilt angle cannot be given.

If the magnetic field is tilted toward the y-axis it takes the alignment a full Larmor

period to return to its original orientation (see Fig. 5.12). Therefore modulation at

ΩL is observed. However, after half the Larmor period (π/ΩL) the initial orientation

5In these considerations the light intensity was sufficiently low to neglect such effects as alignment-
to-orientation conversion [43] that complicate the evolution of the alignment.
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Figure 5.8: Visualization of successive stages of a dynamic evolution of an atomic
alignment in a magnetic field tilted in the xz-plane (a). After half the Larmor period
(π/ΩL) alignment returns to its original position. The NMOR signal for the magnetic
field oriented along the light-propagation direction (solid line) and tilted by 30◦ in
xz-plane (broken line) (b). Simulations were performed in a F = 1 → F ′ = 0 system.
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Figure 5.9: In-phase and quadrature components of the simulated FM NMOR signals
shown vs. the normalized modulation frequency (Ωm/ΩL) for different xz-plane tilt
angles. The simulations were performed for F = 1 → F ′ = 0 system.

is partially reproduced which causes modulation at 2ΩL. The difference from the

original state becomes more pronounced for bigger tilt angles. That is a reason

why the amplitude of the resonance at 2ΩL decreases with the tilt and the one at

ΩL increases with the angle. However, for larger tilt angles even the signal at ΩL

starts to decrease. For such angles the magnetic field direction is nearly parallel to

the light that reduces the effect of the field on the polarization. It is noteworthy

that similar behavior has been theoretically predicted by Weis and co-workers in

different experimental arrangement [71]. The discussed experiment, however, is the

first experimental observation of such behavior.
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Figure 5.10: In-phase and quadrature components of the FM NMOR signal vs. mod-
ulation frequency recorded for various angles between the magnetic field and the
light-propagation direction in the xy-plane. It was verified that the small signal ob-
served at ΩL for magnetic field oriented along the y-axis (90◦) is due to the small
(a couple of degrees) misalignment between the light-polarization direction and the
magnetic field.
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Figure 5.11: Amplitudes of the FM NMOR resonances at ΩL and 2ΩL vs. the magnetic
field tilt angle in the xy-plane. The ratio between the ΩL and 2ΩL resonances changes
with tilt angle. Since it is a universal number for a given angle and any magnetic field
the two resonances provides information about the direction of the magnetic field.

Theoretical simulations of the FM NMOR signals (Fig. 5.13) performed in the

simple F = 1 → F ′ = 0 system are in good agreement with the experimentally

measured dependences (Fig. 5.10).

The amplitude dependence of the FM NMOR resonances on the tilt of the mag-

netic field in the xz-plane provides a convenient method of measurement of the di-

rection of the magnetic field. It was demonstrated that an angular sensitivity to the

method of the xy magnetic-field tilts smaller than 45◦ is 3.8(3)×10−3 deg/
√

Hz with

room for further optimization.

5.2.3 Vector magnetometer – conclusions

An important advantage of the described method is the possibility of measuring a

direction of a magnetic field. With other direction sensitive magneto-optical methods

of magnetic field measurements [58, 65], information about field direction is extracted
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Figure 5.12: Visualization of the successive stages of the rotation of the alignment in
the magnetic field tilted in xy-plane (a). After half the Larmor period (π/ΩL), the
initial state is only partially reproduced. The state returns to is original orientation
after full Larmor period. Therefore rotation of the polarization plane is modulated
at ΩL and 2ΩL. Rotation of the polarization plane vs. time (b).
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Figure 5.13: In-phase and quadrature component of the simulated FM NMOR signal
recorded as a function of the normalized modulation frequency (Ωm/ΩL) for different
xy-tilt angles. Simulations were performed in the F = 1 → F ′ = 0 atomic system.

from independent measurements of the three components of the magnetic field6. How-

ever, that causes a dependence of the angular sensitivity of the methods on the total

magnetic field. Our method is free from this limitation.

5.3 Self-oscillating regime

A drawback of the magnetometric technique described in Secs. 5.1 and 5.2 is its rather

low bandwidth. As we discussed above, the measurements of the magnetic fields are

6An exception is the method elaborated in Fribourg [71, 72].
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realized by tracking of the position of the high-field resonance. If the magnetic field

suddenly changes within a width of the high-field NMOR resonance, the nonzero

in-phase signal is observed. In such case the modulation frequency is modified in

order to zero the in-phase signal. However, when rapid and big change occurs, the

magnetometer may loose its lock. It happens when the Larmor frequency reaches the

far wing of the NMOR resonance for which the signal is almost zero.

Another drawback of such practical realization of the NMOR based magnetometry

is a requirement of using lock-in amplifier and external generator to measure and drive

the modulation of light.

A more practical approach is the so-called self-oscillating regime, originating from

the classic work of Bloom [73]. In this approach an experimental signal oscillating at

2ΩL is used for modulation of light. Thus all changes of the magnetic field, and hence

the frequency of the magneto-optical rotation, are reflected immediate in changes of

the modulation frequency. In such a way, the resonance conditions Ωm = 2ΩL are

fulfilled at all times and the principle of a self-oscillating measurement in which the

oscillation frequency is the direct measure of the magnetic field intensity is accom-

plished.

5.3.1 Experimental apparatus

The layout of the single-beam self-oscillating AMOR experiment is given in Fig. 5.14.

In our version of the approach, the polarimeter difference signal was used for modu-

lation of the amplitude of the AOM RF signal and hence the intensity of the light.

One beam was used for pumping and probing of the atoms7. Assuming initial aligned

atomic state (“peanut”), the precession of the alignment leads to the modulation of

the probe light polarization plane at 2ΩL. Since the alignment is created along the

light polarization direction and the maximal rotation is observed when polarization

7Two-beam, self-oscillating AMOR arrangement is described in Ref. [70].
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Figure 5.14: Layout of the experimental apparatus of single-beam self-oscillating
AMOR. In an open-loop mode, the system works as a typical AMOR experiment in
which the modulation signal is driven by an external generator and magnetic field
is measured by tracking the NMOR resonance position and hence varying the mod-
ulation frequency. In the closed loop mode, the system works in the self-oscillating
regime in which NMOR signal, after gain and phase-shift is used for tracking of the
magnetic field. That way frequency of the modulation is a direct measure of the
magnetic field strength.

and alignment are oriented by 45◦, it is necessary to shift the phase of the modula-

tion signal by 90◦ before feeding it back to the modulator8. In the experimental it is

accomplished electronically with the phase shifter.

8A 90◦ shift between “position” and “driving force” observed in resonance is a typical character-
istic of all resonant process.
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Figure 5.15: Typical self oscillating NMOR signal. The signal was measured for the
magnetic field of ∼7 mG and average AM light intensity 50 µW/mm2. Light was
tuned to the F = 2 → F ′ = 1 transition of 87Rb.

5.3.2 Results and discussion

In Fig. 5.15 time dependence of a typical one-beam self-oscillating AMOR signal is

shown. The signal is periodic and its strongest Fourier component appears at 2ΩL.

However, the NMOR signal differs from the simplistic expectation of a pure sine

function that one would expect. The primary reason for presence of higher harmonics

in the signal is usage of only one beam for pumping and probing of the atoms. Since

NMOR is related to the incident-light intensity, its modulation leads to modulation

of the NMOR signal. Another source of the higher harmonics is electronics used in

the feedback loop. A nonlinearity of some electronic components is the reason for the

fact that the modulated RF signal contains higher harmonics of the modulation.

Despite the complex structure of the self-oscillating signal, the amplitude of its

2ΩL component is strong enough to be measured without any filtering. An example of

the measured frequency versus the magnetic field is shown in Fig. 5.16. At the figure

the tracking signal in a range of a few milliGauss is demonstrated. The magnetometric

range was limited by the electronics used in the phase shifter and AOM driver. Since
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Figure 5.16: Tracking signal of the single-beam self-oscillating AMOR magnetometer.
Light parameters are the same as in Fig. 5.15.

this limitation is technical rather than physical the range can be easily extended by

an application of the electronics with wider bandwidth.

As demonstrated in Ref. [70], a huge advantage of the approach is its bandwidth.

A change of the magnetic field is reflected immediately in a change of the precession

frequency and hence the modulation frequency. In such a way atoms are always

pumped with light modulated at the appropriate frequency. Practically response

time of the system, the potential magnetometer, is limited to the time needed for

the frequency counter to estimate the modulation frequency. The authors of Ref. [70]

demonstrated bandwidth of the self-oscillating magnetometer of 1 kHz.

5.3.3 Self-oscillating regime – conclusions

In this section we discussed NMOR with modulated light in the self-oscillating regime.

Such realization of the NMOR magnetometer is the most promising and has the

greatest potential to be used in a commercial NMOR magnetometer. Its advantages

are technical simplicity, high bandwidth, high sensitivity, and broad dynamic range.
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5.4 RF magnetometer

In the previous sections, we discussed applications of NMOR for the measurements

of constant or slowly varying magnetic fields. However, with some modifications of

the experimental setup, NMOR can be also used for the measurements of oscillating

fields. Detection of such fields is extremely important due to its applications in

nuclear magnetic resonance (see, e.g., Ref. [74]), magnetic resonance imaging (see,

e.g., Ref. [75]), nuclear quadrupole resonance [76], and tests of physics beyond the

standard model [77].

5.4.1 Principles of operation

In the discussed experiment, NMOR arises when the frequency of an oscillating mag-

netic field is near to the splitting of Zeeman sublevels in atomic ground state. In such

case the field, usually radio-frequency (RF) field, mixes optically pumped ground-

state sublevels which results in rotation of the aligned state and hence in modulation

of the polarization plane of light (Fig. 5.17). The strongest NMOR signal is observed

when the RF field is resonant with the splitting and it drops to zero when there is

a mismatch, usually a few tens of Hz in our experimental arrangement, between the

field frequency and the splitting. The magnetometer can be adjusted to any desired

value of the magnetic field by applying different bias fields.

For the sake of the RF measurements, the unmodulated light was used. It was y-

polarized and it propagated along the x-axis perpendicular to the bias magnetic field

B0 oriented along y. In such arrangement light generates an aligned state (“peanut”)

with an axis along the bias magnetic field. Hence in absence of the RF field no

rotation of the light polarization plane is observed. However, when a small oscillating

magnetic field is applied the situation changes.

The RF field of magnitude B1 is oscillating in the x direction with frequency ωRF,

BRF = B1 cos(ωRFt). In order to avoid mixing of the sublevels with ∆m > 1 an

amplitude of the RF field was kept low, γ À gµBB1/~. Thus the RF field introduced
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Figure 5.17: Energy level structure of the 87Rb F = 2 → F ′ = 1 transition. Linearly
polarized light redistributes atomic populations among ground-state Zeeman sublevels
(creates “peanut”). If the magnetic field is oriented along the light polarization
direction, it splits the sublevels. Weak RF field tuned to the splitting mixes the
states of ∆m = 1 and generates coherences between them. It results in rotation of the
“peanut” around the magnetic field and hence modulation of the polarization plane
of light. Please note that in this case, in contrast to all other situations described in
the dissertation, quantization axis is oriented along the light-polarization direction.
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only coherences between sublevels of ∆m = 1.

The RF field can be resolved into two components: co- and counter-propagating

each with the magnitude B1/2. Transforming into the co-rotating frame, one of the

components averages out and the resultant magnetic field is B′ = (ΩL−ωRF)~/gµBz+

B1/2x. In a steady state, an equilibrium between optical pumping, precession around

B′, and relaxation is reached. Returning to the laboratory frame one observes that

the “peanut” rotates around the z-axis with ωRF modulating the polarization plane

of the light (Fig. 5.17)9.

In our considerations we assumed that the splitting of all ground-state Zeeman

sublevels is the same. This assumption, however, is not valid for all the experimental

parameters. As discussed in Sec. 5.1.4, the nonlinear splitting of the sublevels may

be caused by the nonlinear Zeeman and ac Stark effects. Appearance of these effects

leads to the modification of the experimental signal and in this context is briefly

discussed below.

5.4.2 Experimental apparatus

The experimental setup for the RF measurements is very similar to the one shown

in Fig. 5.1. The main differences are the unmodulated light and the magnetic field

oriented in y direction. In order to fulfil the conditions discussed above strengths of

the magnetic fields were kept low: B0 ≈ 10 mG and B1 = 1.1 × 10−7 G. The RF

NMOR signals were measured at the first harmonic of the RF-field frequency.

5.4.3 Results and discussion

In Fig. 5.18 a typical RF NMOR signal is shown. Although, both components of the

RF NMOR signal look very much alike the components of the NMOR with modulated

light signals, in contrast to previous measurements (compare with Fig. 3.7) the in-

phase component of the RF NMOR signal is described with the absorptive Lorentzian,

9A transformation to the rotating frame is quite common in consideration of an interaction of
atoms with RF field (see, for example, Problem 2.6 in Ref. [78]).
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Figure 5.18: In-phase and quadrature components of the RF NMOR signal mea-
sured as a function of the RF-field frequency. Solid lines are the absorptive-like and
dispersive-like Lorentzian fits to the experimental data. The results were recorded
for about 10 µW/mm2 and light tuned to the 87Rb F = 2 → F ′ = 1 transition.
Insets show the signal recorded for light ≈100 µW/mm2 detuned about 300 MHz
from the F = 2 → F ′ = 1 toward high frequencies. In such conditions, due to the
ac Stark effect (see discussion in Sec. 5.1.4), the resonance split into five resonances.
The overall shifts of the resonances in main panel and in insets arose due to five-time
stronger magnetic field applied in the latter case.
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while the quadrature component with the dispersive one. Additionally, the width of

the signal is two times narrower than the width of the NMOR signals recorded with

the modulated light. Hence full width at half maximum is equal to the relaxation

rate of the ground-state coherences γ10.

Under conditions of the strong light detuning, the differential ac Stark shifts lead

to a modification of the observed signal (see insets in Fig. 5.18). The RF NMOR

signal splits into a number of resonances. For the experimental parameters of the

insets in Fig. 5.18, the resonances still overlap.

As discussed above, an amplitude and a width of the NMOR resonance determine

sensitivity of the magnetic field measurements. In general, the steeper the resonance,

the more sensitive the magnetometric method is. The width of the resonance, how-

ever, also determines a bandwidth of the magnetometer. Thus the optimum opera-

tional parameters of the device are achieved for a trade-off between the magnetometer

sensitivity and its bandwidth.

The amplitude and width of the RF NMOR signals are presented in Fig. 5.19

versus the light intensity. Using Eq. (5.5) one can calculate the sensitivity of the

measurement of the oscillating magnetic field. For the bandwidth of about 50 Hz op-

timum sensitivity of ∼ 2.5×10−11 Grms/
√

Hz was achieved with light of ∼7 µW/mm2.

It is noteworthy that the magnetometer bandwidth can be increased by application of

the stronger light. However, with the higher light intensity the sensitivity is reduced.

A fundamental limit on the magnetometer sensitivity is placed by atomic and

photon shot-noises. The atomic shot noise is given by [79]

δBatom = 2
~

gµB

√
γ

nVcell

, (5.13)

where Vcell is the volume of the cell. The factor 2 arises due to the fact that the mag-

netometer is sensitive only to the co-rotating component of the oscillating magnetic

field. For the experimental parameters for which the optimum sensitivity was achieved

10Since the full width at half maximum of the in-phase component of the NMOR signal corresponds
to the relaxation rate of the ground-state coherences, the width of the higher-field NMOR measured
in the modulation-frequency domain are two times narrower.
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Figure 5.19: Width (a) and amplitude (b) of the in-phase component of the RF
NMOR signal vs. the light intensity. The solid line is a linear fit to the experimental
data.

the atomic shot-noise is δBatom = 3.6×10−12 Grms/
√

Hz. Since in the optimized mag-

netometer the atomic and photon shot-noises are expected to be comparable and they

add in the quadrature the quantum limit on the RF measurements is ∼ 5 × 10−12

Grms/
√

Hz. Thus the sensitivity estimated based on the photon shot-noise is about

two times smaller than the fundamental limit.

5.4.4 RF magnetometer – conclusions

We described the experimental technique based on NMOR which allows measurement

of the oscillating magnetic fields. Based on the photon-shot noise limit and parameters
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of the resonance the estimated sensitivity of the method is at the level of about

10−11 Grms/
√

Hz which is two times smaller than the quantum limit of the method.

Although the overall performance of the device is slightly worse than the one described

in Ref. [80], its advantages with respect to that method are weak light excitation

and operation near the room temperature. They make it particularly attractive for

applications in nuclear magnetic resonance.

5.5 Conclusions

Chapter 5 was dedicated to the optical magnetometry, one of the applications of

NMOR with modulated light. It was shown that with the NMOR magnetometry sen-

sitivities of magnetic field measurements comparable or even exceeding that obtained

with SQUIDs can be achieved. The great advantage of the method is a possibility

of measuring stronger magnetic fields without significant loss of sensitivity. This is

a unique feature among most of other ultra-sensitive magnetometric techniques. We

presented a tracking signal of the magnetometer in range of about 40 mG. The sen-

sitivity of this measurement was estimated at a level of 6 × 10−10 G/
√

Hz. We also

discussed some physical limitations of the method, i.e., the nonlinear Zeeman and ac

Stark effects, that reduces the sensitivity of the higher magnetic field measurements.

In one of the successive sections a description of other experimental realization

of the NMOR based magnetic field measurements, in the self-oscillating regime, was

given. Significant advantages of this realization is simplification of the experimental

apparatus which, in principle, allows miniaturization of the NMOR magnetometers,

broad bandwidth, and measuring frequency as an output of the magnetometer.

In Sec. 5.2 we discussed new methodology enabling measurements of directions

of magnetic fields. A possibility of measuring not only magnitude but also direction

of the field is an important improvement of NMOR magnetometers which until now

were scalar devices. The demonstrated angular sensitivity of the methods to the tilt

angles up to 45◦ is 3.8(3)×10−3 deg/
√

Hz.
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Finally, we described application of NMOR for measurements of radio-frequency

fields. With such device not only strength of a field can be measured but it also

posses the ability to be tuned to any magnetic field value. It was shown that in our

experimental conditions a fundamental limit on the sensitivity is 5×10−12 Grms/
√

Hz,

although the demonstrated sensitivity was 2.5× 10−11 Grms/
√

Hz. It is important to

stress that RF NMOR magnetometers are very appealing because of their application

in the nuclear magnetic resonance.
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Chapter 6

Quantum state engineering

In the previous chapter we demonstrated that coherences between atomic states,

which are crucial for NMOR, can be employed for ultra-precise measurements of

magnetic fields. We showed that magnetometric methods based on NMOR allow

to achieve sensitivities comparable to or even exceeding a sensitivity of SQUIDs.

Besides magnetometric applications, such coherences can be also used for in many

other application, for instance, tests of fundamental symmetries (see, for example,

reviews [26, 27] and references therein) or for frequency standards [81].

In this chapter we present an experimental technique that enables selective cre-

ation and detection of the coherences between Zeeman sublevels in ground states

of alkali atoms. The technique employs NMOR with modulated light which, in the

discussed experimental arrangement, allows an independent investigation of creation

and detection of the specific coherences. We demonstrate generation and detection

of the coherences between Zeeman sublevels of ∆m = 2, 4, 6. We also provide an

experimental evidence of the transfer of the Zeeman coherences from an excited to

the ground state via spontaneous emission.
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Figure 6.1: Visualized density matrices describing atomic systems with coherences of
different orders: ∆m = 2 (a), ∆m = 4 (b), and ∆m = 6 (c). The plots are drawn for
the F = 3 state.

6.1 Generation and detection of atomic coherences

A single photon can generate coherence between Zeeman sublevels with ∆m ≤ 2.

Creation of higher-order coherences between states with ∆m > 2, requires a multi-

photon interaction between light and matter. Thus such coherences can be generated

only with sufficiently high light intensity. However, even with intense light, the lower-

order coherences are still generated with equal or even higher efficiency. Therefore it

is usually difficult to distinguish effects that are related only to given coherences.

One method which enables selective creation and detection of different-order co-

herences uses NMOR with modulated light [82, 83]. Such selective generation and

detection of the coherences is possible due to spatial symmetries of spin orientations

related to the given-order coherences. These symmetries can be depicted with the

visualization method of a density matrix described in Appendix A.

In Fig. 6.1 the density matrices containing different-order coherences are visual-

ized. As seen, the ∆m = 2 coherences correspond to a two-fold symmetric structure

– “peanut”. Similarly, the ∆m = 4 and ∆m = 6 coherences are represented by the

four- [Fig. 6.1(b)] and six-fold [Fig. 6.1(c)] symmetric structures, respectively.

From the analysis performed in the previous chapters, we know that nonsphericity

of the visualized density matrix is a signature of an optical anisotropy of a medium.
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An axis of the anisotropy is associated with a spatial symmetry of the matrix. Since

rotations of the structures in the magnetic field lead to modulation of probe-light

polarization, therefore rotation of the two-fold symmetric structure [Fig. 6.1(a)] in

a longitudinal magnetic field results in the modulation of the polarization plane at

2ΩL. Similarly, the four- [Fig. 6.1(b)] and six-fold [Fig. 6.1(c)] symmetric structures

cause the modulation at 4ΩL and 6ΩL, respectively. Thus by recording NMOR at a

given multiple of the Larmor frequency one measures the signal related only to the

particular atomic coherences.

Although an observation of the signal at the given multiple of the Larmor fre-

quency provides information about the specific coherences, such coherences need to

be effectively created. This is quite challenging since, as we stated above, lower-

order coherences are generated with the same or higher efficiency than higher-order

coherences even with a strong light.

Considering an atomic system with a quantization axis along light-propagation

direction. In such system, linearly polarized light propagating along the axis is a

superposition of right- and left-hand circular polarizations and it creates in atoms

all even-order coherences up to ∆m = 2F . These coherences evolve in the magnetic

field with the Larmor frequency. Basing on theoretical calculations, it can be shown

that the light modulated at even multiples of the Larmor frequency, Ωm = 2nΩL,

where n is integer, averges out all the coherences with ∆m < n. It simultaneously

reinforces the higher-order coherences with ∆m ≥ n. Thus NMOR with modulated

light provides the method of generation of the coherences between atomic sublevels

of a given ∆m.

Using the visualization method one can depict the discussed process of generation

of the higher-order coherences in an intuitive way. In order to demonstrate creation

of such coherences and simultaneously averaging out of the lower-order coherences

two atomic states, the F = 1 and F = 2 states, are considered.

During a particular optical-pumping cycle strong light generates in atoms all pos-

sible even-order coherences. In the F = 1 state only the ∆m = 2 coherence is
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generated. Hence the “peanut” along the light-polarization direction (the y-axis) is

created [Fig. 6.2(a)]. In the F = 2 state, in addition to the ∆m = 2 coherences, the

∆m = 4 coherence is also generated. This leads to a modification of the “peanut’s”

shape and appearance of a ring around “peanut’s” neck in the xz-plane [Fig. 6.2(d)].

If the light-modulation occurs at 4ΩL, the shape rotates by 90◦ before the pumping

pulse [Figs. 6.2(b) and 6.2(e)]. This pulse modifies the atomic state, i.e., destroys the

∆m = 2 coherences leaving the ∆m = 4 coherences intact.

The visualized density matrix of the F = 1 state averaged over many pumping

cycles is shown in Fig. 6.2(c). This structure has full rotational symmetry with respect

to the light-propagation direction (the z-axis). Thus its precession in the longitudinal

magnetic field does not cause any modulation of the polarization plane. In contrast

to the F = 1 state, the averaged density matrix of the F = 2 state constitutes the

four-fold symmetric structure [Fig. 6.2(f)]. Since this structure is four-fold symmetric,

it is exclusively related to the ∆m = 4 coherences. The rotation of the structure in

the longitudinal magnetic field causes the modulation of the polarization plane at

4ΩL.

6.2 Experimental apparatus

The experimental setup used for selective generation of the ground-state coherences

is the same as the one shown in Fig. 4.1. In order to observe signals related to the

higher-order coherences, the 85Rb atoms were used. This isotope has nuclear spin 5/2

and hence has two hyperfine ground-states, F = 2 and F = 3, one of which supports

coherences up to ∆m = 6. For recording of the modulation-frequency dependences, a

central frequency of the frequency-modulated pump laser was stabilized at the center

of the F = 3 → F ′ transition group (the rubidium D1 line). For measurements

performed in the pump-frequency domain the pump was scanned over the whole D1

line including the F = 3 → F ′ and F = 2 → F ′ transition groups. The unmodulated
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Figure 6.2: Visualization of selective creation of the specific-order coherences. Due
to interaction with the linearly polarized light the coherences are generated in the
F = 1 (a) and F = 2 (d) states. In addition to the ∆m = 2 coherences in the F = 2
state, the density matrix contains also the ∆m = 4 coherence. This coherence is
responsible for appearance of a ring around the “neck of the peanut” (d). If the light
is modulated at 4ΩL the structures rotate by 90◦ before the next pumping pulse - (b)
and (e). In the F = 1 state, the resultant structure averaged over many pumping
cycles has full rotational symmetry with respect to the rotation around the magnetic
field (c). Thus it does not contribute to modulation of the polarization plane of the
probe light and corresponding density matrix does not contain any coherences (it is
purely populational). In contrast, in the F = 2 state, averaging over many pumping
cycles leads to appearance of the four-fold symmetric structure (f) which causes the
modulation of the polarization plane at 4ΩL. The averaged density matrix contains
only the ∆m = 4 coherences.
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probe laser was tuned and stabilized to the same ground state operating, however,

at the rubidium D2 line at the center of the F = 3 → F ′′ transition group. For

the measurements in probe-light spectral domain, the laser was scanned over the

rubidium D2 line.

6.3 Results

The FM NMOR signals presented in this section were studied versus various pump-

and probe-light parameters. We first show the FM NMOR signal measured in the

modulation-frequency domain. It allows to distinguish and compare contributions

to the signal related to the different-order coherences. Then we concentrate on the

amplitude dependences. We present the amplitudes of the FM NMOR resonances

measured as functions of the pump- and probe-light intensities. As discussed above,

these dependences provide an ultimate proof that the resonances are related to the

specific-order coherences. Relationships between the FM NMOR resonance widths

and the pump- and probe-light intensities allow to study the relaxation rates of the

given-order coherences, especially their saturation behavior. Then, we show the FM

NMOR resonances in the pump- and probe-frequency domains. We present experi-

mental evidence of the coherence transfer, including the transfer of the higher-order

coherences, from the excited to the ground state via spontaneous emission. Finally, we

discuss the mechanism of the, so-called, “updating” of the coherences which, in some

cases, leads to an increase of the efficiency of the high-order coherence generation.

6.3.1 NMOR signals related to different-order coherences

A representative recording of the two-beam FM NMOR signal measured in 85Rb in

the modulation-frequency domain is shown in Fig. 6.3. In such case, three resonances

at twice (≈ 300 Hz), four times (≈ 600 Hz), and six times (≈ 900 Hz) the Larmor fre-

quency were observed (ΩL ≈ 2π×150 1/s). As discussed in Sec. 6.1, these resonances

are related to the ∆m = 2, ∆m = 4, and ∆m = 6 coherences, respectively.
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Figure 6.3: In-phase (a) and quadrature (b) components of the two-beam FM NMOR
signal vs. the modulation frequency. The magnetic field (ΩL ≈ 2π × 150 1/s) was
fixed. The resonances at ≈ 300 Hz, ≈ 600 Hz, and ≈ 900Hz are related to the ∆m = 2
[Fig. 6.2(a)], ∆m = 4 [Fig. 6.2(b)], and ∆m = 6 [Fig. 6.2(c)] coherences, respectively.
The insets show magnifications of the resonances related to the ∆m = 4 and ∆m =
6 coherences. The signals were recorded with Ipump = 17 µW/mm2 and Iprobe =
20 µW/mm2.
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Analysis of Fig. 6.3 revealed that the amplitudes of the FM NMOR resonances

at particular multiplies of the Larmor frequency differ. While the signal at 2ΩL

is the strongest, the resonance at 4ΩL is weaker by approximately two orders of

magnitude but it is still much stronger than the resonance at 6ΩL. Such relationship

between amplitudes is understood because a different number of photons is required

for generation of these coherences. Since the ∆m = 6 coherence is created with

three photons, its generation is less probable than creation of the ∆m = 4 or ∆m =

2 coherences. Hence the amplitude of the resonance related to the highest-order

coherence is smaller than the amplitudes of the other resonances.

The presented results of the resonances measured at 6ΩL are the first signals ever

recorded that are related only to the ∆m = 6 coherences1.

6.3.2 Creation of the coherences

In Fig. 6.4 the amplitudes of the FM NMOR resonances related to the ∆m = 2, ∆m =

4, and ∆m = 6 coherences are plotted versus the pump-light intensity. At low light

intensities, the amplitudes of the ∆m = 2 and ∆m = 4 resonances scale respectively

linearly and quadratically with the pump intensity. This is because one- and two-

photon interactions are required to create the ∆m = 2 and ∆m = 4 coherences.

However, as the pump-beam intensity increases, the amplitudes tend to grow slower

with Ipump. These deviations are partially due to saturation but also processes such

as alignment-to-orientation conversion (see, for example, Ref. [27, 43]). In order to

observe the ∆m = 6 resonance, the intense pump light was used. This intensity

was already high enough to saturate the ∆m = 2 and ∆m = 4 resonances. Thus

ther is no surprise that the pump-intensity dependence of the ∆m = 6 coherences is

weaker than the predicted theoretically cubic dependence but still stronger than the

1Within this dissertation a density matrix is described using atomic populations and coherences.
However, in many applications the irreducible tensorial basis representation of the matrix is very
useful (see, for example, Ref. [84]). In such case atomic polarization moments are used for the
description. For instance, the ∆m = 6 coherence in F = 3 state is related to the hexacontatetrapole
moment. Thus, the signal recorded in the experiment at 6ΩL is related to this moment.



6.3. Results 127

0.5 1 5 10 50

Pump intensity (µW/mm2)

0.01

0.1

1

10

R
o

ta
ti

o
n

 (
m

ra
d
)

0.001

Figure 6.4: Amplitudes of the FM NMOR resonances related to the ∆m = 2 (red
squares), ∆m = 4 (blue triangles), and ∆m = 6 (black diamonds) coherences vs. the
pump-light intensity. The dashed lines show linear, quadratic and cubic slopes while
their solid parts indicate the region in which recorded dependences meet theoretical
predictions. Under these experimental conditions (Iprobe = 36 µW/mm2) the mea-
sured amplitude dependence of the ∆m = 6 signal is weaker than predicted cubic
relation which is caused by saturation.

dependences of other two resonances2.

6.3.3 Detection of the coherences

The amplitudes of the ∆m = 2, ∆m = 4, and ∆m = 6 resonances measured as

a function of the probe-light intensity are plotted in Fig. 6.5. For low probe-light

intensities the amplitudes of the resonances meet theoretical predictions. NMOR

related to the ∆m = 2 coherences is independent from the probe-light intensity

2A level at which the resonances associated with the ∆m = 6 coherence starts to be recorded
may be lowered by application of the stronger probe beam. However, for strong probe one cannot
neglect continuous optical pumping with that light. That complicates process of generation of the
atomic coherences and hence interpretation of experimental results.
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Figure 6.5: Amplitudes of the ∆m = 2 (red squares), ∆m = 4 (blue triangles), and
∆m = 6 (black diamonds) resonances recorded vs. the probe-light intensity. The
dashed and solid lines have the same meanings as in Fig. 6.4. The tuning of the
pump beam was the same as in the previous case and its intensity was 52 µW/mm2.
For these measurements the probe light was slightly detuned toward a wing of the
F = 3 → F ′′ transition group. That results in different amplitudes of the FM NMOR
resonances related to the ∆m = 4 and ∆m = 6 coherences measured with the same
pump- and probe-light intensities. The different probe detuning between is even more
pronounced when the relaxation rates of the coherences (the widths of the FM NMOR
resonances) are compared (see Figs. 6.6 and 6.7).

which confirms that the linear interaction between light and matter is sufficient to

detect these coherences (compare with Sec. 4.5.1). In such range the amplitude of

the ∆m = 4 resonance scales linearly with the probe-light intensity which shows that

nonlinear light-matter interaction is required for detection of ∆m = 4 coherences.

Similarly, two photons are needed to probe the coherences between sublevels with

∆m = 6. For stronger probe-light intensities the amplitudes of the resonances tend

to deviate from the expected dependences. It is a result of saturation that is becoming

an important factor in the interaction between light and atoms. It is also caused by



6.3. Results 129

the optical pumping of atoms with the unmodulated probe light. For strong probe

beam its influence on the medium cannot be neglected. Arising competition between

synchronous pumping with the pump and continuous pumping with the probe leads

to partial washing out of the atomic polarization. This competition results in a

decrease of the resonance amplitudes clearly seen in Fig. 6.5 for ∆m = 2 and ∆m = 4

dependences.

Analyzing Figs. 6.4 and 6.5 one gets that for not-too-strong intensities the angle

of NMOR related to the ∆m coherences scales as I
∆m/2
pump and I

∆m/2−1
probe . However, in

order to observe the NMOR signal, one more photon is needed at the probing stage.

Hence the recorded signal amplitudes (not the NMOR angle) scale with the pump-

and probe-light intensities in the same manners. Thus the signal amplitude depends

on Ik
pumpI

k
probe, where k denotes the number of photons involved in creation of a given

coherence.

6.3.4 Relaxation of the coherences

In Fig. 6.6 the widths of the FM NMOR resonances, and hence the relaxation rates of

the given-order ground-state coherences, are presented versus the probe-light inten-

sity. As seen, the relaxation rate of the ∆m = 2 coherences is the smallest one and its

power-broadening with the pump-light intensity is the weakest. The relaxation rates

of the higher-order coherences are bigger and their power broadenings are stronger.

This is consistent with the fact that more photons are needed for generation of such

coherences, i.e., atoms feel stronger electric field of light which is responsible for power

broadening. Somehow surprising might be the fact that for some range of the pump

intensity the width of the ∆m = 4 resonance is bigger than that of the ∆m = 6 reso-

nance. It has been verified that this is associated with different spectral dependence

of the resonances corresponding to the given-order coherences (see Figs. 6.8 and 6.9).

For the tuning of the probe beam such as in Fig. 6.6, the ∆m = 6 coherences are not

very effectively created and hence the power broadening of the resonance is weaker.

It was observed that a ratio between the widths of the resonances changes with the
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Figure 6.6: Widths of the ∆m = 2 (red squares), ∆m = 4 (blue triangles), and
∆m = 6 (black diamonds) resonances vs. the pump-light intensity. The signals were
recorded for Iprobe = 36 µW/mm2.

tuning of the pump and probe lasers. For instance, for the probe beam tuned towards

high-frequency wing of the F = 3 → F ′′ transition group, the ∆m = 4 resonance

is broader than the ∆m = 6 resonance but for the probe tuned to the center of the

transition the ∆m = 6 resonance is broader then the ∆m = 4 resonance. That verifies

that probe-light tuning is the source of the discussed discrepancy.

The widths of the ∆m = 2 and ∆m = 4 resonances extrapolated to zero pump-

light intensity are δΩ
(2)
m = 2π×4.4(1) 1/s and δΩ

(4)
m = 2π×5.8(2) 1/s.3 This difference

arises due to the probe-light power-broadening but also the different relaxation rates

due to the electron-randomization collisions (main mechanism of the relaxation) of

the given-order coherences (see Appendix B).

Width dependences of the resonances measured as a function of the probe-light

intensity are shown in Fig. 6.7. All resonances exhibit probe-light power broadening.

The probe-light broadening is stronger than the broadening of the resonances mea-

sured as a function of the pump-beam intensity (Fig. 6.6). This is partly a result of

3Due to a significant scattering of the data points related to the ∆m = 6 coherences it was not
possible to extrapolate the width of that resonance to zero pump-light intensity and hence estimate
the relaxation rate of the ∆m = 6 coherence without the pump light.
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Figure 6.7: Widths of the ∆m = 2 (red squares), ∆m = 4 (blue triangles), and
∆m = 6 (black diamonds) resonances vs. the probe-light intensities. The signals
were recorded for Ipump = 52 µW/mm2.

the fact that the frequency of the pump beam is modulated, hence power broadening

is caused by effectively weaker beam. Another source of the difference are various

transition strengths of the rubidium D1 and D2 lines.

The widths of the FM NMOR resonances corresponding to the ∆m = 2 and

∆m = 4 coherences extrapolated to zero probe-light intensity are δΩ
(2)
m = 2π× 2.5(1)

1/s and δΩ
(4)
m = 2π × 4.2(2) 1/s, respectively4.

6.3.5 Spectral dependences

In Fig. 6.8 the quadrature components of the NMOR signals related to the ∆m = 2,

∆m = 4, and ∆m = 6 coherences are shown versus the central frequency of the

pump laser. The spectrum corresponding to the ∆m = 2 coherences was measured

for Ωm = 2ΩL. The other two spectra shown in Figs. 6.8(b) and 6.8(c) are differences

of the signals recorded for the modulation frequencies at Ωm = 4ΩL and Ωm = 6ΩL,

4Saturation processes and their influence on the relaxation rate of the ∆m coherences are not
completely understood. Thus fair extrapolation of the ∆m = 6 coherences to zero probe-light
intensity is not possible.
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Figure 6.8: FM NMOR signals related to the ∆m = 2 (a), ∆m = 4 (b), and ∆m = 6
(c) coherences vs. the pump-light frequency. The signals were measured for rather
strong pump and probe light Ipump ≈ Iprobe ≈ 65 µW/mm2. The bottom plot (d)
shows the reference absorption spectrum of 85Rb (the D1 line).
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respectively, and the signals detuned a few resonance widths away from these frequen-

cies. In that way the effect of the off-resonant background rotation on the recorded

spectra was minimized and the plots represents the signals related only to the ∆m = 4

and ∆m = 6 coherences.

The NMOR spectra related to the particular coherences vary in their amplitudes

and shapes. As discussed above, the differences in the amplitudes are related to

the different numbers of photons needed for creation of the given-order coherences.

Since an interaction with fewer photons is sufficient for generation of the lower-order

coherences, the NMOR signals corresponding to these coherences are stronger than

the ones related to the higher-order coherences. The differences in the shapes of the

spectra arise due to the level structures which support generation and existence of

the given-order coherences. For instance, the ∆m = 2 coherences can be generated in

any ground and excited state of 85Rb but not every state supports the higher-order

coherences. For example, the ∆m = 6 coherence can be generated only in the F = 3,

F ′ = 3, and F ′′ = 3 states.

As seen in Fig. 6.8, the NMOR signals related to all three coherences are observed

for the pump beam tuned to the F = 2 and F = 3 states. For the F = 3 state it

is not surprising since this state supports creation of the coherences up to ∆m = 6

and the probe light directly interacted with this state. However, observation of the

NMOR signals for the pump tuned to the F = 2 → F ′ state is less intuitive, since

the probe beam were tuned to the different hyperfine ground state than the pump

light. Thus, in order to observed modulation of the probe light, the pump-generated

coherences had to be transferred to the F = 3 state.

The two ground states of rubidium experience rapid Larmor precession in opposite

directions. Therefore the coherences cannot be transferred to the F = 3 ground state

via spin-exchange collisions. This mechanism is also excluded due to the observation

of the ∆m = 6 signal [Fig. 6.8(c)] since the F = 2 state does not support creation of

such coherences. The coherences in the F = 3 state can only be generated indirectly

in the following process. The pump beam tuned to the F = 3 → F ′ transition group



134 Chapter 6 ¦ Quantum state engineering

creates atomic coherences in all the excited states. Since the F ′ = 3 excited state

can support coherences up to ∆m = 6, the strong light creates such coherences in

the excited state. The coherences are then transferred to the F = 3 ground state

via spontaneous emission. Although such transfer has been observed previously for

the ∆m = 2 coherences [84, 85], the results presented in the dissertation are the first

measurements of the higher-order coherences transfer.

Very different dependences were observed for the NMOR signals related to the

∆m = 2, ∆m = 4, and ∆m = 6 coherences recorded as a function of the probe-light

frequency (Fig. 6.9). The ∆m = 2 signal is shown in Fig. 6.9(a), and the difference

∆m = 4 and ∆m = 6 signals, obtained in the same manner as previously, are shown

in Figs. 6.9(b) and 6.9(c), respectively.

The strong signals were observed when the probe light was tuned to the F =

3 → F ′′ transition group. These signals correspond to the ∆m = 2, ∆m = 4, and

∆m = 6 coherences that were created by the pump beam tuned to the F = 3 → F ′

transition group. The ∆m = 2 and ∆m = 4 signals were also measured when the

probe beam was tuned to the F = 2 state. As the pump was tuned to the F = 3 → F ′

transition group, once again the coherences in this level were not created directly but

they were transferred to the state via spontaneous emission (see discussion above).

The modulation of the probe light corresponding to the ∆m = 6 coherences could

not be observed since the F=2 state does not support such coherences. The small

signal in Fig. 6.9(c) observed at F = 2 is not related to the ∆m = 6 coherences but

it is an artifact due to imperfections in a removal of the off-resonance rotation from

the signal measured at Ωm = 6ΩL.

It is seen that the spectral dependences of the three signals are significantly differ-

ent. They also differ from the spectra recorded vs. the pump-beam central frequency

(see Fig. 6.8 for comparison). The difference in the frequency dependences for the

pump and the probe beams illustrates the potential offered by the separated beam

technique for optimization of the signal associated with the given-order coherences.
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Figure 6.9: FM NMOR signals related to the ∆m = 2 (a), ∆m = 4 (b), and ∆m = 6
(c) coherences vs. the probe-light frequency. The signals were measured for the same
light parameters as in Fig. 6.8. The bottom plot (d) shows the reference absorption
spectrum of the 85Rb D2 line.
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6.3.6 Updating of the coherences

As we demonstrated above, NMOR may be used as a method enabling selective

generation and detection of the atomic coherences. Potential applications of the

higher-order coherences are quantum state engineering and magnetometry.

In Chapter 5 we showed that one of the limitations of the magnetic field measure-

ments employing NMOR is the nonlinear Zeeman effect. In strong magnetic fields

the NMOR signals related to the ∆m = 2 coherences split into a number of the res-

onances which results in a reduction of the sensitivity and introduces uncertainty in

the field measurements (see Sec. 5.1.4). As discussed in Sec. 5.1.4 that limitation can

be overcome by generation of the coherences between the sublevels with the highest

possible quantum magnetic number m = ±F . In 87Rb such sublevels are the m = ±2

levels in the F = 2 ground state. The corresponding ∆m = 4 resonance does not split

and its position in the modulation-frequency domain is always given by Ωm = 4ΩL

(neglecting the ac Stark shift).

A problem in an application of such sublevels and coherences between them for

magnetic field measurements are the amplitudes of the corresponding NMOR reso-

nances which are orders of magnitude smaller than the amplitude of the ∆m = 2

resonance (see, for example, Figs. 6.4 and 6.5). Thus for the magnetometric applica-

tions the amplitudes of the resonances need to be enhanced.

As discussed above, a smaller amplitude of the ∆m = 4 resonance is a consequence

of the two-photon interaction needed for generation of the corresponding coherences.

Since simultaneous interaction of the atom with two photons is less probable than

interaction with only one photon, generation of the ∆m = 4 coherences is way less

effective than creation of the ∆m = 2 coherences. The efficiency of the ∆m =

4 coherence generation, however, can be increased when the coherence is created

during two different pumping cycles. At the first stage, the ∆m = 2 coherences

are created in atoms by an interaction with single photon [Fig. 6.10(a)]. During

the next stage second photon transforms (“updates”) the ∆m = 2 coherence to the

∆m = 4 coherence [Fig. 6.10(b)]. An important feature of such pumping scheme is
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Figure 6.10: Creation of the ∆m = 4 coherence in the updating scheme. During the
first stage an interaction with a single photon occures and the ∆m = 2 coherence is
created (a). At the next stage, during different pumping cycle, the ∆m = 2 coherence
is “updated” and the ∆m = 4 coherence is generated. A big advantage of the scheme
is lack of neccessity of simultaneous interaction with two photons.

the coherences can be created with single photons during to different pumping cycles.

Hence the efficiency of creation of the ∆m = 4 coherences is increased5.

In order to avoid averaging out of the ∆m = 2 coherence but “updating” them to

the ∆m = 4 coherence the light was modulated at Ωm = 2ΩL. With such modulation

of pumping the ∆m = 2 coherences are most efficiently created in the medium.

They give rise to the modulation of the probe light at 2ΩL. However, even with the

modulation at the 2ΩL the ∆m = 4 coherence is also generated. Such coherences can

be subsequently detected by observation of the probe-light modulation at 4ΩL.

In Fig. 6.11 the comparison of the amplitudes of the NMOR signals related to

the ∆m = 4 coherences created with Ωm = 4ΩL (direct method) and Ωm = 2ΩL

(updating) are shown as a function of the pump-light intensity. The signals were

recorded for three different intensities of the probe light6.

5A possibility of updating the ∆m = 2 coherence to the ∆m = 4 coherences was first pointed
out by M. Auzinsh.

6For the discussed measurements the active medium was 87Rb and the pump laser was tuned
to the center of the F = 2 → F ′ = 1 transition. The probe was tuned to the same ground
state. Moreover, in order to avoid off-resonant pumping of the atoms, the problem discussed in
Sec. 4.6.1, the frequency modulation of the light was substituted with its square-wave (25% duty
cycle) amplitude modulation.
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Figure 6.11: Comparison of the amplitudes of the resonances corresponding to the
∆m = 4 coherences generated with traditional method (red squares) and updat-
ing (blue triangle) vs. the pump-light intensity. The dependences were recorded for
three different probe-light intensities: 0.64 µW/mm2 (a), 1.9 µW/mm2 (b), and 6.4
µW/mm2 (c). For low probe-light (a) updating allows achieving about three times
higher efficiency of creation of the ∆m = 4 coherences than with the direct method.
However, the difference is getting smaller for more intense probe beam (b) and it
almost completely disappears for the strong probe beam (c).
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As it is seen in Fig. 6.11(a), for the low probe-light intensity the amplitudes of

the NMOR resonances related to the updated ∆m = 4 coherences are about three

times larger than the amplitudes of the ∆m = 4 resonances created directly, i.e., with

pumping and probing at 4ΩL. However, the amplitude difference decreases with more

intense probe beam [Fig. 6.11(b)] and almost completely disappears for the strong

probe [Fig. 6.11(c)].

Since the observed behavior depends on the probe-beam intensity we associated it

with the interaction between atoms and probe light. The low-intensity probe weakly

perturbs the atoms. In such case, the ∆m = 2 coherences are created by the pump and

then they evolve in the magnetic field till the moment the next pumping pulse updates

these coherences to the ∆m = 4 coherence. Since the probe-beam perturbation

of the atoms is small, its influence on the atoms is negligible. However, with an

increasing probe-light intensity the probe perturbation become significant and not

only the pump beam but also the probe light generates the coherences in atoms. As

a result of rapid precession of the spins and continuous optical pumping with the

probe, the coherences are averaged out, i.e., there are no coherences in atoms. Due

to this fact, the next photon does not update anything but simply generates the

∆m = 2 coherence. Naturally, such coherences do not give rise to the modulation of

the probe beam at 4ΩL. In order to observe the modulation at 4ΩL, the atoms need

to simultaneously interact with two photons. This situation, however, is the same as

with the previous direct method and no enhancement of the efficiency of the ∆m = 4

coherences is observed.

With these results we showed that although in some cases the discussed mechanism

allows obtaining slightly bigger amplitude of the NMOR resonance associated with

the ∆m = 4 coherences, the enhancement is not dramatic. Unfortunately, the small

amplitude of the resonance is the factor that limits the potential application of the

highest-order coherences in magnetometry. Nevertheless, a portable Earth-field self-

oscillating pump-probe AMOR magnetometer based on the hexadecapole resonances

is presently under construction at Berkeley.
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6.4 Conclusions

The data presented within this chapter prove that atomic coherences between levels

differing by a specific ∆m can be generated and studied in NMOR experiments. We

showed the NMOR signals that are related to the ∆m = 2, ∆m = 4, and ∆m =

6 coherences. Such selective creation of the coherences can be useful in quantum

state engineering for physical realization of multi-dimensional quantum “bits”. Multi-

dimensional “qubits” allow a storage of much more information than “typical” two-

level qubits. Moreover, the coherence transfer demonstrated within this dissertation,

enables passage of the coherences between two atomic states. The state interacting

with light can be used for modification of such “qubits” while the other state can

form a memory in which they can be stored.

In the last part of the chapter we presented the two-stage process of generation of

the higher-order coherences - the updating. As an example we considered updating of

the ∆m = 2 coherence to the ∆m = 4 coherence. We proved that although in some

experimental conditions updating can lead to generation of the stronger ∆m = 4

resonances than the ones observed with direct method, the enhancement is relatively

small. Therefore the amplitudes of such NMOR resonances remain to be the limiting

factor for application of these coherences in magnetometry.
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This thesis described four years of research on nonlinear magneto-optical effects, espe-

cially nonlinear magneto-optical rotation. One of the most important achievements of

this work was the development and characterization of a new method of synchronous

pumping of atoms in NMOR employing amplitude-modulated light (AMOR). Basing

on this method we have studied a number of physical mechanisms and parameters that

influence efficiency of generation of a medium optical anisotropy. The method was

confronted with FM NMOR, i.e., another method which enables synchronous pump-

ing of atoms. The performed detailed analysis revealed the advantages and drawbacks

of either of the methods. Additionally we showed that NMOR with modulated light

may have many applications. Two of them, magnetometry and quantum-state engi-

neering were discussed. As discussed, NMOR with modulated light can be used for

ultra-sensitive method of measuring static magnetic fields in a broad dynamic range.

The achieved sensitivity and range of the magnetic fields made it extremely attractive

in many applications starting at scientific, e.g., condensed-matter, gravitational, or

NMOR experiments, ending at medicine and military. Moreover, we demonstrated

that NMOR can be applied in detection of oscillating magnetic fields. We have also

discussed NMOR with modulated light in context of selective generation and detection

of ground-state coherences. It was demonstrated that with this method ∆m = 2, 4, 6

coherences can be created and probed. Moreover, the presented results proved that

such coherences can be “updated” or transferred between atomic states. Therefore,

the method may find its application for practical realization of quantum bits.
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The results of this dissertation contribute to a development of the atomic nonlin-

ear optics and optical magnetometry. However, they do not, in any sense, exhaust

interesting matter of this field. In fact, they form solid grounds for its further de-

velopment. Our investigation in the future will be concentrated on understanding

saturation mechanisms which are important in NMOR and application of quantum

state of light in such measurements. Independently, we will try to develop applica-

tional aspect of NMOR - magnetometry. Our investigations will be concentrated on

a development of the self-oscillating devices. We want to expand dynamic range of

the magnetic field measurements and increase their sensitivity. Eventually, we would

like to use our magnetometer in a magnetically unshielded environment.
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Appendix A

Visualization of density matrix

In this appendix, we describe a method of visualization of a density matrix that pro-

vides an intuitive way of understanding symmetries of the density matrix associated

with given-order coherences [25, 86]1. The method is also useful for studying time

evolution of an atomic state.

In the method, instead of numerical presentation of the density matrix, three-

dimensional surface representing the probability distribution of angular momentum

is drawn. Distance r of a given point on the surface from the origin corresponds

to the probability of finding the highest possible projection m = F along the radial

direction. In order to plot the surface in whole space, the density matrix is rotated so

that the quantization axis is along a given direction and then the state is projected

onto the direction

r(θ, α) = R−1(α, θ, 0)ρR(α, θ, 0)|FF , (A.1)

where |FF denotes the projection with the highest m and R(α, θ, 0) is the quantum

mechanical rotation operator [88] in spherical coordinates, θ is the azimuthal angle

1Similar approach was also used for visualization of molecular states and their evolution in ex-
ternal fields [86, 87].
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and α the polar angle. The operator R is given by

R(α, θ, 0) =




1
2
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 , (A.2)

and R−1(α, θ, 0) = R(−α,−θ, 0).

Below we discussed a few most basic examples of the visualization.

A.1 Static density matrix

First we consider an unpolarized atom. The density matrix describing such state is an

identity matrix divided by a normalization (a number of diagonal matrix elements).

In such case r(θ, α) is constant and the probability surface is a sphere.
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Figure A.1: Numerical and graphical representation of the density matrix correspond-
ing to the unpolarized atomic sample.

Another simple example is a stretch state, i.e., the state in which all atoms are

pumped into one of sublevels with extreme m, m = ±F . Such state can be, for

example, generated by a circularly polarized light. Assuming the F = 1 state with
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all population in the m = 1 sublevel, the density matrix contains only one nonzero

element (see Fig. A.2). Using Eqs. (A.1) and (A.2) one can calculate that r(θ, α) for

such stretch state is given by

r(θ, α) =
1

4
(1 + cos θ)2. (A.3)

The visualized density matrix associated with the stretch state is shown in Fig. A.2.

0
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( )ρ =

x
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z1
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Figure A.2: Numerical and graphical representation of the density matrix correspond-
ing to the stretch state.

Another example is an aligned state generated by a linearly σ-polarized light.

Such state is created in many cases described within this dissertation. For the F = 1

state, one can evaluate the numerical form of the density matrix using the master

equation (see Chapter 2). The form of the density matrix of the completely aligned

state is shown in Fig. A.3. Using such form of the matrix, one can easily calculate

r(α, θ)

r(θ, α) = e−2iα

[
1

16
(1 + e2iα)2 − 1

16
(1− e2iα)2 cos2 θ +

1

4
e2iα sin2 θ

]
. (A.4)

Although Eq. (A.4) is rather complicated, the probability surface corresponding to the

aligned state has rather simple peanut-like shape (Fig. A.3). It is seen from the form
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Figure A.3: Numerical and graphical representation of the density matrix correspond-
ing to the aligned state.

of the density matrix, particularly the existence of the ∆m = 2 coherence, and from

the shape of the probability surface, that such state subjected to Larmor precession

around z, can produce modulation of the linearly polarized light propagating along

z.

Last, we considered the aligned state in which all the population was transferred to

the extreme sublevels m = ±1. The corresponding density matrix is given in Fig. A.4.

Basing on the form of the matrix and Eqs. (A.1) and (A.2), one can calculate r(θ, α)

r(θ, α) =
1

2
sin2 θ. (A.5)

The “donut”-like probability surface related to such aligned state is shown in Fig. A.4.

In contrast to the previous case, rotation of this state around the z-axis does not lead

to modulation of the polarization plane of light propagating along this axis.
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Figure A.4: Numerical and graphical representation of the density matrix correspond-
ing to the populational aligned state.

A.2 Dynamic evolution of the state

Although the method is useful for visualization of the static atomic states, its appli-

cation is not only limited to such cases. It is also very convenient for presentation

of dynamic evolution of the state (examples of such applications of the method are

shown in Figs. 3.2 and 3.3).

In order to calculate time evolution of an atomic state, the master equation

[Eq. (2.7)] with an initial state and Hamiltonian of interaction need to be solved.

As an example we consider atomic alignment similar to the one shown in Fig. A.4

but oriented along the x-axis, i.e., also containing coherences, that interacts with the

magnetic field oriented along the quantization axis (the z-axis). This state is given

by the matrix

ρ =




1
2

0 −1
2

0 0 0

−1
2

0 1
2


, (A.6)
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Figure A.5: Time evolution of the donut-like aligned state in the magnetic field
oriented along z. The simulations were performed for the F = 1 state.

and the Hamiltonian of interaction is described by

Hint =



−ΩL 0 0

0 0 0

0 0 ΩL


. (A.7)

Using such form of the interaction Hamiltonian, the donut state, and basing on

Eq. (2.7) we can calculate the time evolution of the state. The explicit form of

the time-dependent density matrix ρ(t) is given by

ρ(t) =




1
2

0 −1
2
e−iΩLt

0 0 0

−1
2
eiΩLt 0 1

2


. (A.8)

In Fig. A.5 subsequent stages of the evolution of the state are shown. As seen,

evolution of the state in the magnetic field causes NMOR of light propagating along

z. This modulation occurs at 2ΩL (the density matrix contains ∆m = 2 coherences)
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which can be seen from the fact that every half the rotation period the axis of the

state and the light polarization direction are parallel.

A.3 Conclusions

In this appendix we discussed the method of visualization of a density matrix. As

shown basing on a few examples, this method is a useful for presentation of static

atomic states, in particular, by emphasizing symmetry properties of the density ma-

trix. Since it provides an intuition how the state can modify properties of a probe

light, it is also very powerful tool for description of time evolution of an atomic state.
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Appendix B

Antirelaxation coated cells

Lifetime of the coherences is either determined by the interaction time between light

and atoms, or by the time between coherence destroying collisions. In an experiment

involving a single light beam and a glass cell containing only alkali-metal vapor at low

pressure, the effective coherence lifetime τ is given by the transit time of the atoms

through the beam. It is so since during collisions with cell walls the coherences are

destroyed and population redistributed among the state. Thus, in order to increase

the lifetime τ , a number of such collisions should be reduced. It can be done by

filling a cell with a buffer, usually noble, gas at pressure much higher than pressure

of alkali vapors. That results in a significant shortening of the mean-free path, i.e.,

thermalizing atoms inside the cell. Since, in the first approximation, the collisions

with the buffer gas are elastic, the effective lifetime τ is than given by diffusion time

of the atoms from the beam.

The second method is based on an antirelaxation coating of the inner walls of

the cell. Due to the coating of the walls the number of spin-depolarizing collisions

is greatly reduced. In this case, an atom which traverses through a light beam is

optically pumped, then leaves the beam, bounces of the walls and returns to the

beam with its coherences intact [89, 90]. As a result the effective lifetime τ is equal

to time of the atomic round-trip.

Each of the methods of prolonging the ground-state coherence lifetimes affects the
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NMOR signals differently. With the buffer gas the width of the narrowest NMOR

resonance, which in buffer-gas-free uncoated cell is related to the transit time of the

atom through the beam (usually a couple of tens of kHz) [91, 92], becomes narrower.

It is so, since atoms do not freely travel through the cell and hence τ is equal to

atoms diffusion time1. With an antirelaxation coating, however, in addition to the

transit-time resonance, a new ultra-narrower signal is observed. This resonance is

related to the so-called wall-induced Ramsey effect [59, 95].

With either of the methods the effective coherence lifetime can be prolonged up

to hundreds of milliseconds (see, for example, Ref. [40, 96]).

Antirelaxation coating of the cell walls was first introduced by Robinson and

co-workers in the late 1950s [97]. Although it has been studied for over 50 years

[89, 90, 97, 98, 99] the physical grounds of the method are not fully understood.

Its investigations, however, revealed some interesting effects, e.g., different relaxation

rates of hyperfine and Zeeman coherences, light-induced desorption of atoms from

coatings, etc.

B.1 Light-induced atomic desorption

Illumination of antirelaxation-coated cells with nonresonant light leads to an increase

of alkali vapor density inside the cell. Since the density number grows due to des-

orption of atoms from the coating, thus the effect is called the light-induced atomic

desorption (LIAD). The effect was observed for many different surfaces such as sap-

phire [100, 101, 102], siline-coated glass [103, 104, 105] quartz [106], and paraffin [107].

It is noteworthy that LIAD can be used for control of an atomic density inside the

cell.

1It is noteworthy that in buffer-gas cells the so-called diffusion-induced Ramsey narrowing can
be observed [93, 94]. Such narrowing arises when atoms that left light beam come back due to the
collisions with buffer-gas atoms. If their coherences are intact, their effective lifetime is extended.
In a 3-torr buffer gas cell, we observed five-times narrowing of the NMOR signal with respect to the
width calculated from the diffusion time [32].
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In Fig. B.1 an example of cesium LIAD measured in a cell with closing stem is

shown. As seen in the figure, switching on LIAD light causes pronounced increase

of the atomic concentration inside the cell. However, after reaching its maximum,

the density drops to its initial value which we associate with sinking of the desorbed

atoms to the stem of the cell. In the stem the density is constant due to equilibrium

between evaporation and condensation of atoms. This explanation was confirmed

with the results obtained in a cell with open [Fig. B.1(a)] and closed [Fig. B.1(b)]

stem. In the closed-stem case the concentration reached its equilibrium after about

1 hour (see inset in Fig. B.1), i.e., time much longer than in the cell with open stem.

For more details on the light-induced atomic desorption in antirelaxation paraffin-

coated cells see Ref. [107].

B.2 Hyperfine and Zeeman relaxation in coated

cells

Another interesting feature observed in antirelaxation-coated cells are different relax-

ation rates of Zeeman and hyperfine coherences. In particular, the hyperfine coher-

ences relaxes about an order of magnitude faster than Zeeman coherences. In this

section a detailed analysis of physical mechanisms which are responsible for hyperfine

and Zeeman relaxation is performed.

B.2.1 Experimental apparatus

To cast some light on relaxation of different types of atomic coherences in antirelax-

ation coated cells we studied a number of cells manufactured in different laboratories

at different period of time. The cells varied in sizes, materials used for coatings, and

atomic content (Table B.1).

In the first part of the experiment, the relaxation rates of the hyperfine coher-

ences were studied. The cells were placed inside a microwave cavity under a nonzero
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Figure B.1: Density of Cs vapors in a 2 cm long and 2 cm in diameter cylindrical
paraffin-coated cell with open (a) and closed (b) stem exposed to green light (514 nm)
from Ar+ laser. The inset shows the closed-stem measurements in longer time scale.
The difference between initial concentrations in (a) and (b) is related to the fact
the the open-stem measurements were performed relatively fast after closed-stem
measurements therefore the atomic density in (a) did not fully recover after previous
LIAD. The cell was completely illuminated with the light of 260 mW.
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Table B.1: Vapor cell used for the measurements of relaxation of Zeeman and hyper-
fine coherences.

Name Isotope Diameter (cm) Coating material Year made Reference

Ale10 85Rb 10 Alkane mixture 1997 [107]
Gib Natural Rb 10.3(3) Paraflint wax 1964 [98]
H2 87Rb 3.4(1) Tetracontane wax 1964 –

Rb10 87Rb 10.2(1) Alkane mixture 1999 [107]

magnetic field. In such experimental arrangement transitions between two hyperfine

ground states, F = 2 and F = 3 in 85Rb and F = 1 and F = 2, were induced which

enabled measurements of widths and shifts of the hyperfine transitions2. During the

second stage of the experiment, the Zeeman relaxation rates were studied by analyz-

ing the FM NMOR resonances. These measurements were performed in the setup

same as described in Secs. 5.1 and 5.2.

B.2.2 Results and discussion

The microwave and FM NMOR results are summarized in Table B.2. Basing on

these data, one can evaluate contributions to the relaxation rates related to different

physical mechanisms.

There are several known relaxation mechanisms at work in the antirelaxation-

coated vapor cells: spin-exchange relaxation, collisions with uncoated surfaces (mainly

in the cell’s stem), and relaxation with the wall coating. Each of the mechanisms is

discussed below.

2Since the author of the dissertation was not personally involved in the hyperfine measurements
but only measurements of relaxation of the Zeeman coherences, the first part of the experiment is
not described in details (for more information on the subject see Ref. [40]). However, microwave, as
well as, NMOR data is needed for calculation of the relaxation rates due to the different mechanisms
and thus the results obtained in the first part of the experiment are also presented in this work.
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Table B.2: Concentration, microwave linewidths, shifts of the hyperfine transitions,
and widths of the NMOR resonances measured in antirelaxation coated cells.

Name N (cm−3)
γµ
exp

2π
(Hz) ∆ν (Hz)

γNMOR
exp

2π
(Hz)

Ale10 8× 109 8.7(5) -24(4) 0.7(1)
85Gib 8× 109 11(2) -14(4) 2.9(1)
87Gib 16(4) -42(2) 2.9(1)
H2 7× 109 22(3) -93(1) 3.5(1)

Collisions with uncoated surfaces

Most easily the contribution from the collisions with uncoated surfaces can be esti-

mated. From the geometry, one can obtain that they contribute at a level of fraction

of the Hz in the bigger cells and about 1 Hz in H2 cell. Since these results are within

experimental errors of the microwave measurements, we ignored these contributions

to the relaxation of the coherences.

Spin-exchange collisions

The contribution from spin-exchange collisions can be calculated basing on [24, 108]

γµ
se

2π
=

R(I)Nvrelσse

π
, (B.1)

where σse is the spin-exchange-collision cross section that for rubidium is σse = 2 ×
10−14 cm2, vrel is the average atomic relative velocity, and R(I) is the so-called nuclear

slow-down factor

R(I) =
6I + 1

8I + 4
. (B.2)

Using Eqs. (B.1) and (B.2), and atomic density N (Table B.2) the contribution from

spin-exchange collisions to the total relaxation rates of the hyperfine coherences are

calculated (Table B.3). As seen, in all cells the spin-exchange relaxation contributes

less than 25% to the overall relaxation rate.
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Table B.3: Calculated phase shifts per collision and relaxation rates due to spin-
exchange, adiabatic, and spin electron-randomization collisions. The last column is a
sum over three contributing rates.

Name φ1 (mrad) γµ
se

2π
(Hz) γµ

a

2π
(Hz) γµ

er

2π
(Hz)

γµ
tot

2π
(Hz)

Ale10 37(7) 1.3 1.7 5.4 8.5
85Gib 22(6) 0.6 1.0 13.0 14.6
87Gib 65(6) 0.3 5.3 8.7 14.3
H2 43(4) 1.1 9.0 10.5 19.6

Spin-randomization collisions

As stated above, third source of relaxation are spin-randomization collisions. Such

collisions can be divided into three groups. The first group are adiabatic collisions

which cause shifts of the hyperfine transition frequencies but do no redistribution of

population or Zeeman decoherence. In the second group are collisions during which

atomic polarization is partially destroyed, i.e., the spin of the electron is randomized

but the nuclear spin is not changed. The third group is consisted of collisions during

which atoms are absorbed into the coating for time long enough to completely destroy

atomic polarizations.

To estimate the contribution from the adiabatic collisions we consider an atom

that travels through the cell bouncing off its walls. We track this atom for time ttr

much longer than average time between two collisions with the walls τc

τc =
4R

3v
, (B.3)

where v denotes the rms thermal velocity. If the phase shift per collision is φ1, the

overall phase increment in time ttot is given by

φtot =
vφ1ttot

4/3R
. (B.4)

On the other hand, the total phase shift is related to the shift of the hyperfine

transition by

φtot = 2π∆νttot. (B.5)
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Combining Eqs. (B.4) and (B.5), one obtains

φ1 =
2π∆ν

3v
. (B.6)

The calculated values of φ1 are given in Table B.3.

Because of a statistical character of the collisions, there is a spread in phase shifts

acquired by particular atoms. This results in broadening of the resonance width and

hence contribute to the total relaxation rate [109, 110]

γµ
a

2π
=

φ2
1

πτc

. (B.7)

The relaxation rates due to the adiabatic spin-randomization collisions are shown in

Table B.3. As seen, such relaxation is insufficient to explain whole spin-randomization

relaxation of the hyperfine coherences. That is the reason why the contribution from

the electron-randomization collisions need to be taken into account. The contribution

from these collisions is estimated based on NMOR measurements.

The relaxation rate of the microwave transition due to electron-randomization

collisions should be 3/4 of the electron randomization rate [24]. However, due to

the nuclear slow-down factor its contribution to the width of the NMOR resonance

is smaller by A ≈ 1/3 in 85Rb and A ≈ 1/2 in 87Rb from the spin-randomization

relaxation rate. Basing on these facts one can relate hyperfine relaxation rate due to

electron-randomization collisions with the relaxation rate of the Zeeman coherences

γµ
er

2π
= 2× 3

4
× γNMOR × 1

A
. (B.8)

Factor 2 in Eq. (B.8) arises due to the relation between the relaxation rate of the

microwave transition and the measured width of the transition. The relaxation rates

γer are given in Table B.3.

Besides adiabatic and electron-randomization collisions, the last group of colli-

sions that can cause relaxation of the coherences are collisions during which atomic

polarization is completely destroyed. However, assuming that such collisions domi-

nate atomic relaxation and performing similar analysis as above, one does not achieve

satisfactory agreement between the microwave and NMOR linewidths.
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Experimental data presented in Table B.3 shows that the main mechanism of

relaxation in antirelaxation coated cells are electron-spin randomization collisions.

This hypothesis consistently accounts for the linewidth budget for all cells. The

experimental results confirmed previous observations [111] that the relaxation rate of

the hyperfine coherences is much bigger than the Zeeman relaxation rate.

B.2.3 Coherence relaxation in coated cells – conclusions

Performed analysis demonstrated that relaxation rates of hyperfine coherences are

comparable for cells manufactured with three rather different technologies and in

different period of time. Moreover, the fact that one of the cells that was manufactured

40 years ago showed comparable performance to the newer cells is the evidence of the

stability of the coating properties and suitability of such cells for extremely-long-term

measurements.

B.3 Relaxation in the dark

An alternative method of studying ground-state relaxation in buffer-gas-free antirelaxa-

tion-coated cells is the so-called relaxation in the dark (RID) [112, 113]. In this

method atoms interact with strong, circularly polarized pump light tuned to one of

the transitions. As a result, they are pumped into a stretched state, i.e., all popula-

tion is transferred to a ground-state sublevel with extreme m, m = ±F . An induced

non-equilibrium leads to optical anisotropy of the medium which can be measured

using an independent weak linearly polarized probe. After pump is blocked, a relax-

ation of the atomic polarization is monitored by measuring rotation of the probe-light

polarization.

Rotation of the probe-light polarization plane is determined by longitudinal elec-

tronic polarization and population difference between the two hyperfine ground states.

Therefore the RID signals (rotation of the probe-light polarization) can be described

by a number of exponentials [112]. In case of a strong magnetic field in which atoms
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are placed, the RID signals can be described with only two exponentials. Thus for

signal characterization only two relaxation rates need to be introduced: slow γs and

fast γf relaxation rates. These rates are related to the spin-exchange γse, electron-

randomization γer, and uniform γu relaxation rates.

B.3.1 Experimental apparatus

The layout of the experimental setup is shown in Fig. B.2. Laser was tuned to

Shutter

Iris

DF

PolarizerBSBS BS

Coils

Cell

λ/4

Laser

SAS

Data 

acquisition

Σ −

DAVLL

Figure B.2: Experimental apparatus used for RID measurements. BS - beam-splitter,
DF - neutral density filter, λ/4 - quarter waveplate, SAS - saturated absorption
system.

the center of the F = 3 → F ′ transition group of the rubidium 85Rb D1 line. Its

frequency was monitored using saturation spectroscopy system and stabilized with

with DAVLL. The beam was split into two fractions one of which worked as a pump

and the other one as a probe. The strong pump was circularly polarized by quarter
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waveplate and then used for illuminating the cell containing natural abundance of

rubidium. The cell was placed in the magnetic field of a couple of Gauss, longitudinal

to the light-propagation direction. A mechanical shutter situated after the waveplate

and operating at about 0.3 Hz was used for turning the pump on and off. In order to

avoid reflections of the pump beam into the light detector, much weaker not saturating

linearly polarized probe light shined the cell from the opposite direction. Its intensity

was varied by the neutral density filter. Polarization of the probe was analyzed using

balanced-polarimeter technique (see Sec. 3.2.6).

B.3.2 Results and discussion

In Fig. B.3 a typical RID signal is presented. The signal was fit with the dependence

fRID = αfe
−γf(t−t0) + αse

−γs(t−t0) + f0, (B.9)

where αf and αs are the amplitudes of fast and slow contributions to the signal and

f0 is the offset related to the misbalance of the polarimeter. Basing on the analysis

performed in Ref. [113] one can relate γs and γf with γse, γer, and γu. For 85Rb the

relations between these quantities are given by

γs,f =
1

108
(57γer + 38γse ±

√
2601γ2

er + 3684γerγse + 1444γ2
se + 108γu). (B.10)

In Table B.4 the relaxation rates measured in two different cells are shown. Despite

Table B.4: Slow and fast relaxation rates measured using RID and corresponding
spin-exchange, electron-randomization, and uniform relaxation rates measured in two
paraffin-coated cells of 2 cm in diameter created in the same manufacturing process.
The results were obtained in B = 4 G and they are extrapolated to zero-probe light
intensity.

Name γf

2π
(Hz) γs

2π
(Hz) γse

2π
(Hz) γer

2π

γµ
tot

2π
(Hz)

MB-1 1.0(1) 7.5(3) 6.7(2) 0.3(1) 0.6(1)
MB-2 4.2(5) 8.4(25) 4.1(3) 0.3(1) 4.0(2)
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Figure B.3: Typical RID signal recorded for Ipump = 40 µW/mm2, Iprobe =
0.4 µW/mm2, and B = 4 G (a); slow and fast rate fits to the signal (b).

the fact that both cells were made in the same manufacturing process, they were

very similar and were measured in the same experimental conditions, the measured

relaxation rates are quite different. Although the fast relaxation rates γf are roughly

the same in both cells, the slow relaxation rate in the MB-1 cell is about four times

smaller than in the MB-2 cell. These differences are even more pronounced when

the rates associated with spin-exchange, electron-randomization collisions, and uni-

form relaxation are compared. In such case, only the relaxation rates associated with

spin-exchange collisions are the same. It is understood since for given element and
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temperature different relaxation could be caused by different concentration of rubid-

ium (see Eq. B.1). Since measured concentrations are almost the same in both cells

the spin-exchange relaxation rates should be also consistent. The strongest discrep-

ancy appears between uniform relaxation rates. As discussed above, this relaxation is

caused by atomic collisions with uncoated surfaces. It was known from independent

measurements that qualities of wall coatings in the cells were different. In particular,

while in the first cell very strong LIAD was observed, there was no such LIAD ob-

served in the MB-2 cell. Since electron-randomization collisions are also associated

with coating, there is also a big discrepancy between γer.

Despite the difference between two cells, the relaxation rates measured in the MB-

1 cell, in which the quality of the coating is high, are roughly the same with the ones

measured in the cell of similar size (H2 cell) using microwave transition and NMOR

(Sec. B.2).

B.3.3 Relaxation in the dark – conclusions

As it was described in this section, the relaxation in the dark may be used as a method

of analyzing decay of ground-state polarizations in antirelaxation-coated vapor cells.

We have shown that in strong magnetic fields RID signals can be described with

only two relaxation rates which are associated to spin-exchange collisions, electron-

randomization collisions, and uniform relaxation. The RID measurements are roughly

consistent with the results obtained with the method described in Sec. B.2. By

comparing RID in two similar cells produced in the same manufacturing process, it

was emphasized that manufacturing technique of antirelaxation-coated cells is still

not fully mastered and understood3.

3E. B. Alexandrov, one of the pioneers and world best experts in manufacturing antirelaxation-
coated cells (besides many other fields) says that there is always black magic involved in manufac-
turing antirelaxation-coated cells which determines the quality of the coating.



166 Appendix B ¦ Antirelaxation coated cells

B.4 Relaxation due to field inhomogeneity

As the wall relaxation is reduced due to antirelaxation coating of the walls or intro-

duction of buffer gas, other sources of relaxations become important. One such source

is the magnetic-field inhomogeneity.

The sensitivity of the relaxation rate of the ground-state coherences γ to magnetic-

field inhomogeneities was studied under different experimental conditions [114, 115,

116, 117, 118, 119, 120]. In a series of papers [114, 115, 116, 117] this sensitivity was

analyzed in antirelaxation-coated cells. Theoretical predictions supported by numeri-

cal (Monte-Carlo) simulations were compared with data obtained in a high-resolution

Zeeman spectroscopy experiment which was performed with relatively strong bias

magnetic field B = 50 G. In such field, the nonlinear Zeeman effect is significant

and contributes to relaxation of the coherences. Hence it cannot be neglected. In

Refs. [118, 119, 120] a sensitivity of the relaxation rate γ to the magnetic-field gradi-

ents in a buffer-gas cell was studied both theoretically and experimentally.

In most of the experiments discussed within this dissertation, NMOR was studied

in buffer-gas-free antirelaxation-coated vapor cells placed in relatively weak magnetic

field, B . 0.5 G. Since influence of magnetic-field inhomogeneities on the relaxation

rate of ground-state coherences γ had never been studied in such experimental condi-

tions, a detailed analysis of such case was performed. It allowed an observation of the

dependence of the relaxation rate γ on magnetic-field inhomogeneities and investiga-

tion of a sensitivity to the inhomogeneities as functions of their directions, strength

of a bias magnetic field, cell radius and containment. The experimental data were

supported with simple theoretical model.

B.4.1 Experimental apparatus

The experimental setup for these measurements is the same as the one described,

for example, in Sec. B.2. Four different antirelaxation-coated vapor cells varied in
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sizes and rubidium isotopic contents were studied (see Table B.1). Set of three mu-

tually orthogonal gradient coils were used for generation of first-order magnetic-field

gradients inside the shield. The applied bias magnetic field ranged from 0.2 to 155

mG.

B.4.2 Theoretical model

To theoretically describe influence of magnetic-field inhomogeneities on the relax-

ation rate γ we consider atoms contained in a buffer-gas-free, antirelaxation-coated

spherical cell of radius R. The atoms travel freely between collisions with the cell

walls. To simplify our approach magnetic-field inhomogeneity was replaced by a con-

stant magnetic field different in each part of the cell such that ∆Bi for xi ≥ 0 and

−∆Bi for xi < 0, where xi is the given direction x, y, or z. In case of the first-order

magnetic-field gradients ∂Bi/∂xi, the constant field ∆Bi can be replaced by the gra-

dients through the relaxation ∆Bi = (3R/8)(∂Bi/∂xi). For this point we assume

that homogeneous bias field B is zero, however, its influence on the sensitivity to the

magnetic-field inhomogeneities is also studied.

There are two mechanisms which contribute to dephasing of the spin precession in

the discussed case. First is inhomogeneous magnetic field experienced by the atoms

during their travels through the cell. An average phase acquired by atoms between

two wall collisions is

φin ≈ gF µB∆Biτc

~
. (B.11)

It is noteworthy, however, that since acquiring the phase is a random process, the

actual phase acquired by the atom varies between collisions. Second source of dephas-

ing are inelastic collisions with the walls during which atoms stuck to the walls for

some finite time feels excess magnetic field Bwall. This field causes the spins to rotate,

producing an average phase shift φwall. Since both processes are random, the phases

φin and φwall are added in quadrature and the total phase φtotal after Ncol successive

bounces is given by

φ2
total = N

(
φ2

in + φ2
wall

)
. (B.12)
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A characteristic relaxation time corresponds to a decrease of initial spin polarization

by a factor of e. One can show that this happens when φtotal =
√

2, and thus the

total number of wall collisions before dephasing Nγ is

Nγ =

√
2

φ2
in + φ2

wall

. (B.13)

The relaxation rate γ can be written as

γ ≈ 1

Nγτc

. (B.14)

In the two limiting cases in which only one mechanism of relaxation is present,

Eq. (B.14) takes the forms

γin ≈ 1

Ninτc

, (B.15)

γwall ≈ 1

Nwallτc

, (B.16)

where Nin and Nwall are, respectively, the numbers of bounces before relaxation when

only the relaxation due to the magnetic field inhomogeneities or the wall relaxation

is present. It is noteworthy that including other relaxation mechanisms such as spin-

exchange collisions do not change the present treatment.

Combining Eqs. (B.11), (B.13), (B.14), (B.15), and (B.16) we find

γ ≈ 4µ2
Bg2R∆B2

i

3
√

2~2v
+ γwall

= ξg2
FR3

(
∂Bi

∂xi

)2

+ γwall,

(B.17)

where ξ = 3µ2
B/(16

√
2~2v). One obtains that the relaxation rate due to the first-order

magnetic-field gradients depends quadratically on the inhomogeneity of the magnetic

field (∂Bi/∂xi)
2, scales as R3, and depends on the atomic species through the g2

dependence.

Now, the effect of the homogenous bias magnetic field B on the sensitivity to the

magnetic-field inhomogeneities can be considered. In this situation two regimes are
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analyzed: ΩLR/v ¿ 1, in which atomic spins rotate only by a small angle between

collisions with cell walls (i) and ΩLR/v À 1, in which the spins rotate by a large

angle between successive wall bounces (ii). In the first regime, since small rotations

commute, i.e., the result of the composite rotation does not depend on the order

of rotations, the spins’ precession around orthogonal components of the magnetic

field can be, to a good approximation, considered as independent. Thus, comparable

sensitivity to longitudinal and transverse magnetic-field inhomogeneities (gradients)

can be expected. In the second regime the Larmor precession is rapid and the strong

bias magnetic field breaks the symmetry of the system. Since fields transverse to

the strong bias fields are only second order corrections to the total magnetic field,

Btotal =
√

B2 + B2
tr ≈ B + Btr/2B, the sensitivities of atomic-polarization relaxation

rates to longitudinal and transverse magnetic-field gradients are different. Moreover,

for the strong bias field B the relaxation rate γ is insensitive to the transverse magnetic

field inhomogeneities.

It is noteworthy that in our experimental arrangement even if the magnetic-field

gradients are applied with the transverse coils, γ depends on the gradient. This arises

due to the Maxwell’s equations (∇ ·B = 0), i.e., that generation of a magnetic-field

gradient in one direction requires gradients in other direction. Therefore, when the

gradient in one of the transverse direction is applied (say ∂By/∂y), a gradient in the

longitudinal direction (∂Bx/∂x) is also generated

∂Bx

∂x
= −1

2

∂By

∂y
. (B.18)

Since the relaxation is quadratic in the magnetic-field gradient, it is expected that for

the strong bias magnetic fields the relaxation rate should be four times as sensitive to

gradients nominally along the longitudinal direction as they are to those nominally

in a transverse direction.
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B.4.3 Results and analysis

Full width at half maximum of the quadrature component of the ∆m = 2 resonance

is equal to the relaxation rate of the ground-state coherences γ. In Fig. B.4 the

dependence of the relaxation rate γ is shown as a function of the first-order magnetic-

field gradients applied with the x coils. The experimental data were fit with the
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Figure B.4: Relaxation rate of the ground-state coherences, extracted from the width
of the FM NMOR resonance, vs. the first-order magnetic-field gradient applied using
x-oriented coils. Note that application of such gradient is accompanied by appearance
of gradients in y and z directions (see text). The experimental results were fit with
a quadratic dependence [Eq. (B.19)]. The signals were recorded in the Rb10 cell (see
Table B.1) with bias magnetic field B ≈ 250 µG and light intensity 1.2µW/mm2.

quadratic dependence predicted by the model

γ = ai

(
∂Bi

∂xi

)2

+ γ0, (B.19)

where ai is the coefficient describing the sensitivity to the magnetic-field gradient

applied using xi-oriented coils and γ0 is the relaxation rate in absence of the gradients.

As seen in Fig. B.4, the data are in good agreement with the theoretically predicted

dependence. The similar agreement was also observed for two transverse directions,

y and z.
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Table B.5 summarize the sensitivity of the relaxation rate γ to the magnetic-field

gradients applied with each of the three gradient coils for the four cells studied here.

As seen, the sensitivity vary with the orientation of the coils used for generation of the

Table B.5: Sensitivity of the relaxation rate γ to the magnetic-field gradients applied
with xi-oriented coils. The bias magnetic field was B ≈ 250 µG, except for Ale10, for
which it was B ≈ 300 µG. In Gibb cell, the sensitivity to the magnetic-field gradients
was measured for 87Rb.

Cell ax (cm2/s µG2) ay (cm2/s µG2) az (cm2/s µG2)

Rb10 83.6(7) 50.9(7) 47.7(7)
Gib 89.2(13) 59.7(25) 52.8(13)

Ale10 32.0(7) 18.8(13) 18.2(7)
H2 2.2(4) 1.4(2) 1.6(2)

gradients, cell size, and rubidium isotope. In particular, the relaxation rate γ is more

sensitive to the gradients applied with the x-oriented coils than the y- or z-oriented

coils but the ratios between longitudinal and transverse sensitivities change with the

strength of the bias field. In Fig B.5 the ratios between sensitivities to gradients

applied with each coils are shown. As expected by symmetry, the sensitivity to the

gradients applied with either of the transverse coils is the same (ay/az ≈ 1) over the

whole range of bias magnetic fields. In the same time the ratio between the sensitivity

to magnetic-field gradients applied with the longitudinal and transverse coils changes

with the strength of the bias field. In the zero-bias-field limit the sensitivity to the

magnetic-field gradients applied with the longitudinal and either of the transverse

coils is the same (ax/ay → 1 and ax/az → 1). This is in agreement with the theory,

which predicts ax/ay,z = 1 for ΩLR/v ¿ 1. However, for stronger bias fields the ratios

between the sensitivities increase and level off at ax/ay ≈ ax/az ≈ 4 for B > 15 mG.

Since for the experimental conditions of Fig. B.5, 15 mG corresponds to ΩLR/v ≈ 3,

thus for such and stronger fields the second regime was achieved and relaxation rate

γ became insensitive to the transverse magnetic-field inhomogeneities.
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Figure B.5: Ratios between sensitivity to the magnetic-field gradients generated with
the x-, y-, and z-oriented coils. Blue circles correspond to ratio between sensitivities
applied with x and y coils (ax/ay), red stars with x and z coils (ax/az), and black
squares with y and z coils (ay/az). The data were recorded in the H2 cell for I ≈
6 µW/mm2.

According to the model, the sensitivity to the magnetic-field gradients scales as

R3. Basing on the data presented in Table B.5, we calculated the ratios of the

sensitivities for cells of different sizes. In Table B.6 the experimentally measured

ratios are presented along with theoretical predictions. To calculate theoretical ratios

of the sensitivities, the inner radii of the cells were used. They were estimated by

subtraction of the wall thickness ∼0.2 cm from the cell outer radii. The experimental

data are consistent with the model within error bars.

The model predicts also that the relaxation-rate sensitivity to the magnetic-field

inhomogeneities depends on the used element by g2. The Landé factors of two used

isotopes of rubidium, 85Rb and 87Rb are 1/3 and 1/2, respectively, and hence the

expected ratio between sensitivities in the cells containing such isotopes is 4/9. In

Table B.7 containing the experimental results and predictions of the model, rough

agreement between theory an experiment is observed. For the results obtained for
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Table B.6: Ratio between the sensitivities to the magnetic-field gradients applied with
coils oriented in a given direction for cells of different radii. The uncertainties in the
ratio between sensitivity to the gradients in cells of different sizes represent deviations
from a perfect spherical shape and uncertainty in estimation of cell thickness. To
calculate the ratios for different isotopes the slight differences in the cell internal sizes
were taken into account.

Cells x axis y axis z axis Theory

Rb10/H2 40(8) 43(8) 33(4) 35(8)
Gib/H2 38(8) 36(6) 30(5) 36(10)

Rb10/Gib 0.94(3) 0.85(5) 0.90(4) 0.94(12)

Table B.7: Ratio between the sensitivities to the magnetic-field gradients applied with
coils oriented in a given direction for cells containing different isotopes of rubidium.
The results were scaled in order to take into account the different sizes of the cells.

Cells x axis y axis z axis Theory

Ale10/Gibb 0.39(2) 0.34(4) 0.38(3)
0.44

Ale10/Rb10 0.41(2) 0.39(4) 0.41(3)

the Ale10 and Gib cells, the difference from the theoretical value is accounted for

the nonspherical shape of the Gib cell (in addition to the overall non-sphericity, it

does not have a typical stem but it has a number of tubulations). Another source of

deviation is the different bias field used for the measurements with the Ale10 cell. As

discussed above, this difference affects the sensitivities to the transverse magnetic-field

gradients.

B.4.4 Relaxation due to field inhomogeneity – conclusions

We analyzed the influence of the magnetic-field inhomogeneities on the relaxation rate

of the ground-state coherences γ in buffer-gas-free antirelaxation-coated cells placed

in a relatively low bias magnetic field. We have presented a simple model describ-

ing relation between γ and magnetic-field inhomogeneities (first-order magnetic-field
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gradients), and the dependences of these sensitivities on the cell size and its con-

tent. The experimental evidence confirming the theoretical predictions was provided.

Moreover, it was demonstrated that the sensitivity to the longitudinal part of the

magnetic-field inhomogeneity is independent on a bias magnetic field, but the sensi-

tivity to the transverse part of the inhomogeneity changes with this field. As it was

shown, at the small bias magnetic fields the sensitivity to transverse inhomogeneities

is similar to the sensitivity in the longitudinal direction but at larger fields (where

the Zeeman frequency exceeds the wall-collision rate) the relaxation rate γ becomes

insensitive to the transverse gradients.

B.5 Conclusions

This appendix was dedicated to the description of relaxation processes in buffer-gas-

free antirelaxation-coated cells. First, the light induced desorption of atoms from the

coating by nonresonant was discussed. It was shown that such effect can be used for

control of atomic density in vapor cells. Then the attention was drawn to compari-

son of different physical mechanisms that are responsible for relaxation of hyperfine

and Zeeman coherences. We analyzed such processes as spin-exchange and electron-

randomization collisions, and uniform relaxation and their contribution to the overall

ground-state relaxation. These processes were analyzed using two independent meth-

ods, i.e., by comparison of microwave transitions with NMOR resonances, and by the

relaxation in the dark. The results obtained with either of the methods are consistent.

Finally, the influence of magnetic inhomogeneities on relaxation rates of ground state

coherences were analyzed. We have shown that in the antirelaxation-coated cells the

inhomogeneities contribute quadratically to the relaxation rate of the ground-state

coherences. It was predicted theoretically and verified experimentally that the sensi-

tivities of the ground-state relaxation rates to the field inhomogeneities depend on the

cell size and content. We demonstrated the change of the relaxation rate sensitivity

to the transverse-field inhomogeneities with the bias strength.
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Lett., 22, 758, (1969).

[58] E. B. Alexandrov, M. V. Balabas, A. K. Vershovski, and A. S. Pazgalev, Tech.

Phys., 49, 779, (2004).

[59] D. Budker, V. Yashchuk, and M. Zolotorev, Phys. Rev. Lett., 81, 5788, (1998).

[60] D. Budker, D. F. Kimball, S. M. Rochester, V. V. Yashchuk, and M. Zolotorev,

Phys. Rev. A, 62, 043403, (2000).

[61] H. Gilles, J. Hamel, and B. Cheron, Rev. Sci. Instrum., 72, 2253, (2001).

[62] A. Weis and R. Wynands, Opt. Laser Eng., 43, 387, (2005).

[63] I. K. Kominis, T. W. Kornack, J. C. Allred, and M. V. Romalis, Nature, 422,

596, (2003).

[64] P. D. D. Schwindt, S. Knappe, V. Shah, L. Hollberg, J. Kitching, L.-A. Liew,

and J. Moreland, Appl. Phys. Lett., 85, 6411, (2004).

[65] S. J. Seltzer and M. V. Romalis, Appl. Phys. Lett., 85, 4804, (2004).

[66] I. I. Sobelman, Atomic Spectra and Radiative Transitions, Springer-Verlag,

Berlin, 1992.

[67] C. Cohen-Tannoudji, Metrologia, 13, 161, (1977).

[68] E. B. Alexandrov, A. S. Pazgalev, and J. L. Rasson, Opt. Spectrosk., 82, 14,

(1997).



180 BIBLIOGRAPHY

[69] S. Pustelny, A. Wojciechowski, M. Kotyrba, K. Sycz, J. Zachorowski, W. Gaw-

lik, A. Cingoz, N. Leefer, J. M. Higbie, E. Corsini, M. P. Ledbetter, S. M.

Rochester, A. O. Sushkov, and D. Budker, Proc. of SPIE, 6604, 660404, (2007).

[70] J. M. Higbie, E. Corsini, and D. Budker, Rev. Sci. Inst., 77, 113106, (2006).

[71] A. Weis, G. Bison, and A. S. Pazgalev, Phys. Rev. A, 74, 033401, (2006).

[72] G. D. Domenico, G. Bison, S. Groeger, P. Knowles, A. S. Pazgalev, M. Rebetez,

H. Saudan, and A. Weis, Phys. Rev. A, 74, 066345, (2006).

[73] A. L. Bloom, Appl. Opt., 1, 61, (1962).

[74] C. P. Slichter, Principles of Magnetic Resonance, Springer-Verlag, Berlin, 2006.

[75] E. M. Haacke, R. W. Brown, M. R. Thompson, and R. Venkatesan, Mag-

netic Resonance Imaging: Physical Principles and Sequence Design, Wiley, New

York, 1999.

[76] A. N. Garroway, M. L. Buess, J. B. Miller, B. H. Suits, A. D. Hibbs, G. A.

Barrall, R. Matthews, and L. J. Burnett, IEEE Trans. Geosci. Remote Sens.,

39, 1108, (2001).

[77] R. Bradley, J. Clarke, D. Kinion, L. J. Rosenberg, K. van Bibber, S. Matsuki,

M. Mück, and P. Sikivie, Rev. Mod. Phys., 75, 777, (2003).

[78] D. Budker, D. F. Kimball, and D. P. DeMille, Atomic Physics: An Exploration

through Problems and Solutions, Oxford University Press, Oxford, 2004.

[79] M. P. Ledbetter, V. M. Acosta, S. M. Rochester, D. Budker, S. Pustelny, and

V. V. Yashchuk, Phys. Rev. A, 75, 023405, (2007).

[80] I. M. Savukov, S. J. Seltzer, M. V. Romalis, and K. L. Sauer, Phys. Rev. Lett.,

95, 063004, (2005).



BIBLIOGRAPHY 181

[81] J. Vanier, Appl. Phys. B, 81, 421, (2005).

[82] D. Budker, W. Gawlik, D. F. Kimball, Y. P. Malakyan, and S. M. Rochester,

Phys. Rev. Lett., 90, 253001, (2003).

[83] S. Pustelny, D. F. J. Kimball, S. M. Rochester, V. V. Yashchuk, W. Gawlik,

and D. Budker, Phys. Rev. A, 73, 023817, (2006).

[84] E. B. Alexandrov, M. P. Chaika, and G. I. Khvostenko, Interference of Atomic

States, Springer, New York, 1993.

[85] M. Auzinsh and R. S. Ferber, Opt. Spectrosc., 66, 158, (1989).

[86] V. Milner and Y. Prior, Phys. Rev. A, 59, R1738–41, (1999).

[87] M. Auzinsh and R. Ferber, Optical Polarization of Molecules, Cambridge Uni-

versity Press, Cambridge, 1995.

[88] A. R. Edmonds, Angular Momentum in Quantum Mechanics, Princeton Uni-

versity Press, Princeton, 1985.

[89] E. B. Alexandrov, M. V. Balabas, A. S. Pasgalev, A. K. Vershovskii, and N. N.

Yakobson, Laser Phys., 6, 244, (1996).

[90] M. A. Bouchiat and J. Brossel, Phys. Rev, 147, 41, (1966).

[91] W. Gawlik, Phys. Rev. A, 34, 3760, (1986).

[92] E. Pfleghaar, J. Wurster, S. I. Kanorsky, and A. Weis, Opt. Commun., 99, 303,

(1993).

[93] A. S. Zibrov, I. Novikova, and A. B. Matsko, Opt. Lett., 26, 1311, (2001).

[94] Y. Xiao, I. Novikova, D. F. Phillips, and R. L. Walsworth, Phys. Rev. Lett.,

96, 043601, (2006).



182 BIBLIOGRAPHY

[95] S. I. Kanorsky, A. Weis, and J. Skalla, Appl. Phys. B, 60, S165, (1995).

[96] M. Erhard and H. Helm, Phys. Rev. A, 63, 043813, (2001).

[97] H. Robinson, E. Ensberg, and H. Dehmelt, Bull. Am. Phys. Soc., 3, 9, (1958).

[98] H. M. Gibbs, PhD thesis, University of California at Berkeley, (1965).

[99] E. B. Alexandrov and V. A. Bonch-Bruevich, Opt. Eng., 31, 711, (1992).

[100] I. N. Abramova, E. B. Aleksandrov, A. M. Bonch-Bruevich, and V. V. Khromov,

JETP Lett., 39, 203, (1984).

[101] A. M. Bonch-Bruevich, Y. N. Maksimov, S. G. Przhibel’skii, , and V. V. Khro-

mov, Sov. Phys. JETP, 65, 161, (1987).

[102] A. M. Bonch-Bruevich, T. A. Vartanyan, Y. N. Maksimov, S. G. Przhibelskii,

and V. V. Khromov, Sov. Phys. JETP, 70, 993, (1990).

[103] A. Gozzini, F. Mango, J. H. Xu, G. Alzetta, F. Maccarrone, and R. A. Bern-

heim, Nuovo Cimento D, 15, 709, (1993).

[104] M. Meucci, E. Mariotti, P. Bicchi, C. Marinelli, and L. Moi, Europhys. Lett.,

25, 639, (1994).

[105] J. H. Xu, A. Gozzini, F. Mango, G. Alzetta, and R. A. Bernheim, Phys. Rev.

A, 54, 3147, (1996).

[106] J. Brewer and H. G. Rubahn, Chem. Phys., 303, 1, (2004).

[107] E. B. Alexandrov, M. V. Balabas, D. Budker, D. English, D. F. Kimball, C. H.

Li, and V. V. Yashchuk, Phys. Rev. A, 66, 042903, (2002).

[108] F. Grossetete, J. Phys., 29, 456, (1968).



BIBLIOGRAPHY 183

[109] H. M. Goldenberg, D. Kleppner, and N. F. Ramsey, Phys. Rev., 123, 530,

(1961).

[110] R. Jochemsen, M. Morrow, A. J. Berlinsky, and W. N. Hardy, Phys. Rev. Lett.,

47, 852, (1981).

[111] J. Vanier, J. F. Simard, and J. S. Boulanger, Phys. Rev. A, 9, 1031, (1974).

[112] W. Franzen, Phys. Rev., 115, 850, (1959).

[113] M. T. Graf, D. F. Kimball, S. M. Rochester, K. Kerner, C. Wong, and D. Bud-

ker, Phys. Rev. A, 72, 023401, (2005).

[114] S. F. Watanabe and H. G. Robinson, Opt. Spectrosc., 10, 931, (1977).

[115] S. F. Watanabe and H. G. Robinson, Opt. Spectrosc., 10, 941, (1977).

[116] S. F. Watanabe and H. G. Robinson, Opt. Spectrosc., 10, 959, (1977).

[117] S. F. Watanabe and H. G. Robinson, Opt. Spectrosc., 10, 1198, (1977).

[118] G. D. Cates, S. R. Schaefer, and W. Happer, JETP Lett., 37, 2877, (1988).

[119] D. D. McGregor, Phys. Rev. A, 41, 2631, (1990).

[120] C. L. Bohler and D. D. McGregor, Phys. Rev. A, 49, 2755, (1994).


