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A newmethod for obtaining a pointwise potential energy curve of diatomic molecule using Neural Network is re-
ported. Themethod is employed to generate new characteristics of the B11u(51P1) electronic state of Cd2 based on
LIF excitation spectrum previously recorded using the B11u ← X10g

+ (51S0) transition. The obtained potential pro-
vides better simulation-to-experiment agreement than those obtained using other methods. Correctness of the
method is additionally tested on artificially generated LIF excitation spectra based on well characterized
b30u

+(53P1) ← X10g
+ transition in Cd2. A method for obtaining parameters of an analytical form of the potential

using Neural Network applied on artificially generated Cd2 spectra is also presented.
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1. Introduction

Neural Network (NN) [1] is a computational approach loosely in-
spired by the structure of brain which for several decades has been
used to solve different computational problems, from stock market pre-
dictions [2,3], through a real-time object recognition (that can be used in
autonomous cars) [4] and construction of systems that can automatically
detect and classify different odours (so-called electronic nose) [5], to
pharmaceutical research [6].

The idea of using NN in physical chemistry is not new [7]. For exam-
ple, Brownet al. [8] have used the Bayesian InferenceNN tofit an analytic
function to a set of ab initio data points, Prudente et al. [9] have used the
back-propagation NN to fit the potential energy surfaces (PESs) of the
H3

+ ion, Bittencourt et al. [10] have studied performance of the back-
propagation NN with different architectures in the problem of fitting of
potential energy curves (PECs) and dipolar transition moment function
(DTMF) of OH molecule from ab initio points. Recently, Wei et al. [11]
have used NN in a system that is able to predict products for alkene
and alkyl halide chemical reactions based on list of reagents and
reactants.

In this article, we show application of NN to the problem of determi-
nation of interatomic potential of diatomic molecule based on experi-
mental vibrational spectra. We focussed our attention on the spectra
without resolved rotational structure, because in case of relatively
heavy van der Waals (vdW) complexes, formed in a supersonic expan-
sion beam, resolving it is difficult or even impossible. It is due to the fact
czyk).
of a limited bandwidth of a pulsed dye-laser (about 0.1 cm−1). In the
experimental spectra, we usually observe from few (for shallow poten-
tials wells when only vibrational structure is resolved) up to about one
hundred components (when vibrational and isotopic structures are re-
solved, and significant number of vibrational transitions is recorded).

There is a variety of methods devoted to obtaining PECs from exper-
imental data. In the simplest situation, parameters of a Morse potential
(i.e., well depth De and β) can be calculated using vibrational constants
deduced from well-known Birge-Sponer (B-S) method. In case of
Morselike potentials, the semiclassical Rydberg-Klein-Rees (RKR) meth-
od can be used. Unfortunately, the RKR method can introduce errors for
shallow potentials (often case in vdW complexes) and for levels close to
the dissociation limit [12]. Also, the RKR algorithm cannot dealwith dou-
ble-well potentials [13]. Another approach is using of inverse perturba-
tion approach (IPA) methodology [14,15]. IPA method relies on finding
such corrections to the initial potential that the eigenvalues obtained
by solving the Schrödinger equation for the corrected potential are com-
parable to experimental ones. There also exist advanced methods of
obtaining of analytical PECs for the potentials with barrier [16,17], but
in case of spectra with not resolved rotational structure its usefulness is
rather limited.

An inspiration to use NN for this purpose was triggered by the fact,
that in case of laser-induced fluorescence (LIF) excitation spectrum of
the B11u(51P1) ← X10g+ (51S0) transition in Cd2 dimer, we were not
able to obtain PEC characterizing the B11u-state potential thatwould pro-
vide a simulationwhich is in satisfactory agreementwith the experimen-
tal spectrum. Thatwas regardless of trying different standardmethods of
making use of data frommolecular spectroscopy experiments, including
IPA methodology (we used a computer program of Pashov et al.
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Fig. 2. (a) Previously recorded [19] spectrum of the B11u(51P1)← X10g+ (51S0) transition in
Cd2 (red trace) and (b) its simulation (black trace),whichwas obtained assuming theX10g+-
state potential Morse representation [30] (De

″=328 cm−1, Re″=3.76 Å, β″=1.0826 Å−1)
and the B11u-state potential represented with the result of NN method (see Fig. 4 and
Table 3). Simulation obtained using LEVEL [23] and PGOPHER [31] programs included all
Cd2 isotopologues with abundances larger than 1%, for ΔLorentz = 1.5 cm−1 and ΔGauss =
2 cm−1 convolutions (corresponding to the bandwidth of the laser beam and a residual
Doppler broadening in the molecular beam, respectively), and rotational temperature Trot
= 3 K. In the simulation, an influence of TDM function was omitted due to a lack of
reliable data. For the sake of comparison, the experimental and simulated spectra in
insets were plotted using separate, arbitrary chosen vertical scales. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of
this article.)
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described in [18]). In case of the B11u state, the difficulty arose from the
fact, that the experimentally observed vibrational levels (υ′ = 33–40 ←
υ″ = 0) lie in close vicinity of the energy barrier (above the molecular
dissociation limit, see Fig. 1). This excluded of using a simple analytical
function to approximate the B11u–state PEC. The previously recorded
[19] experimental spectrum [see Fig. 2 trace (a)] contains of 7 vibrational
transitions, eachwith 7 isotopologues, resulting with 49 distinct spectral
components in total. A relatively small number of components results in
a limited applicability of the IPAmethodology in this particular case [19]
(compare with Table 1).

2. Theoretical Background

Neural Network is a collection of large number of simple computa-
tional units called neurons. A single neuron (perceptron) is a unit with
several inputs xi and one output y. The output signal from the neuron
(Eq. (1)) is computed using of so-called activation function f (also called
a transfer function [20]) calculated for a weighted sum of signals from
neuron inputs xi supplemented by aweighted bias b (weights are denot-
ed by wi).

y ¼ f ∑N
i¼1wixi þw0b

� �
ð1Þ

The most commonly used activation functions are linear function
f(x)=x and so-called sigmoid function ðxÞ ¼ 1

1þe−x.
Neurons in the network are interconnected. There exist many differ-

ent methods of grouping and connecting neurons. In one of the most
popular, called layer architecture, neurons are grouped in layers where
the output of j-th layer is an input for the (j+1)-th layer. An example
of multilayer perceptron network (MLP) [1], which is used in the study
reported in this article, is presented in Fig. 3. The input for the first
layer is an input vector for the whole network x=[x1,x2,x3,…,xN−1,xN],
where N denotes the length of the input vector. Similarly, the output of
the last layer is an output vector of the network y=[y1,y2,y3,…,yM−1,-
yM], whereM is the length of the output vector. For the problempresent-
ed here, both x and y vectors can be treated as ordered arrays of real
numbers. The structure of MLP NN can be described by designating the
size of x vector and number of neurons in consecutive layers. Additional-
ly, next to the number of neurons in the layer, one can denote a letter
Fig. 1. Interatomic potential of the B11u(51P1) state in Cd2. Scheme show result of Ruszczak
et al. [19] (black empty circles and line) and improved fragment of PEC obtained using
Neural Network method (red full circles and line, compare black trace in Fig. 3, bar graph
in Fig. 5 and data in Tables 1 and 3). Wave functions of the υ′ = 33 and υ′ = 40
vibrational states are drawn with blue lines. Grey rectangle depicts region of the PEC,
which is experimentally accessible in excitation from the υ″ = 0 ground-state vibrational
level due to distribution of F-CFs and TDM function. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)
symbol of transfer function used in neurons in a given layer. For example,
49-15s-18l, where s and l denote sigmoid and linear activation functions,
respectively, designates a network with 49 inputs, 15 neurons with sig-
moidal transfer function in the first layer and 18 neurons with linear
transfer function in the output layer.

Neural Network can be used to solve different computational prob-
lems, which can be described by pairs of input and output vectors. A
properly configured NN can compute correct output vector y based on
the input vector x for a given problem. The configuration of NN, so called
training of the network, consists of finding correct wi for each neuron in
the structure. In this process (which is an example of a so-called super-
vised learning [21]), one has to give to the network a set of pairs contain-
ing input and output vectors. It is important that in each pair, the output
vector presents a proper solution of the considered problem for the input
vector from this pair. Based on the training data, using the back-propaga-
tion algorithm [20,22], the correct wi for each neuron can be found. The
dimension of training set depends on the complexity of computational
problem and usually it is in the range from several hundreds to several
thousand examples. Complexity of the main problem examined in this
article (determination of PEC characterizing the B11u-state interatomic
potential in Cd2) ismoderate. The x and y vectors contain 49 experimen-
tally measured energies of isotopically resolved vibrational components
and 18 PEC-point energies, respectively so, the total number of wi is
13,788. The training set contains 4000 samples.

3. Neural Network in Determination of Diatomic Molecule Inter-
atomic Potential

Energies of vibrational transitions observed in the experimental spec-
trum depend on differences between energies of relevant vibrational
levels υ in the lower and upper electronic states involved in the transi-
tion. If one assumes that the energies of υ″ in the lower electronic state
are known and fixed, the energies of vibrational transitions depend sole-
ly on the energies of υ′ in the upper electronic state (denoted as Eυ′). For a
given electronic state (characterized by PEC), one can easilyfind energies
of υ by solving appropriate Schrödinger equation (it can be performed



Table 1
Comparisons of experimental energies of vibrational components (EXP) of the B11u(51P1)← X10g+ (51S0) transition in Cd2 with results of simulations based on inverse perturbation ap-
proach (IPA) methodology [19] and results of Neural Network (NN) method of this work.

Cd2 isotopologue υ′ ← υ″ Experimental energy
(EXP) [cm−1]

Calculated energy
(NN) [cm−1]

Calculated energy
(IPA) [cm−1]

Difference
(NN–EXP) [cm−1]

Difference
(IPA–EXP) [cm−1]

110–112 34 ← 0 44,661.71 44,660.43 44,660.47 −1.28 −1.24
35 ← 0 44,760.69 44,761 44,762.63 0.31 1.94
36 ← 0 44,857.09 44,857.89 44,859.7 0.80 2.61
37 ← 0 44,949.87 44,950.34 44,951.16 0.47 1.29
38 ← 0 45,037.96 45,037.27 45,036.92 −0.69 −1.04
39 ← 0 45,117.23 45,116.64 45,115.81 −0.59 −1.42
40 ← 0 45,184.52 45,184.3 45,180.2 −0.22 −4.32

111–112 34 ← 0 44,653.73 44,652.4 44,652.27 −1.33 −1.46
35 ← 0 44,752.68 44,753.01 44,754.57 0.34 1.89
36 ← 0 44,849.05 44,850.01 44,851.86 0.97 2.81
37 ← 0 44,942.8 44,942.66 44,943.59 −0.14 0.79
38 ← 0 45,030.86 45,029.93 45,029.65 −0.93 −1.21
39 ← 0 45,110.1 45,109.9 45,109.14 −0.20 −0.96
40 ← 0 45,178.39 45,178.82 45,175.32 0.42 −3.07

110–114 34 ← 0 44,644.76 44,645.05 44,644.76 0.30 0.00
35 ← 0 44,745.67 44,745.71 44,747.18 0.04 1.51
36 ← 0 44,842 44,842.79 44,844.66 0.79 2.66
37 ← 0 44,934.72 44,935.61 44,936.64 0.89 1.92
38 ← 0 45,022.75 45,023.18 45,022.98 0.43 0.23
39 ← 0 45,102.98 45,103.68 45,102.96 0.71 −0.02
40 ← 0 45,173.29 45,173.64 45,170.64 0.35 −2.65

111–114 34 ← 0 44,636.78 44,636.95 44,636.47 0.16 −0.32
35 ← 0 44,737.66 44,737.64 44,739.02 −0.02 1.36
36 ← 0 44,833.96 44,834.82 44,836.71 0.86 2.75
37 ← 0 44,926.64 44,927.82 44,928.95 1.18 2.31
38 ← 0 45,014.64 45,015.7 45,015.59 1.07 0.95
39 ← 0 45,095.86 45,096.76 45,096.07 0.90 0.21
40 ← 0 45,168.19 45,167.78 45,165.26 −0.41 −2.93

112–114 34 ← 0 44,629.81 44,628.97 44,628.3 −0.84 −1.51
35 ← 0 44,729.65 44,729.7 44,730.97 0.05 1.32
36 ← 0 44,826.92 44,826.96 44,828.87 0.04 1.94
37 ← 0 44,920.58 44,920.14 44,921.37 −0.45 0.78
38 ← 0 45,007.54 45,008.31 45,008.29 0.77 0.74
39 ← 0 45,089.76 45,089.88 45,089.22 0.13 −0.53
40 ← 0 45,162.07 45,161.87 45,159.75 −0.20 −2.31

113–114 34 ← 0 44,621.84 44,621.08 44,620.22 −0.77 −1.63
35 ← 0 44,721.65 44,721.84 44,723 0.19 1.35
36 ← 0 44,818.89 44,819.18 44,821.08 0.29 2.20
37 ← 0 44,912.51 44,912.51 44,913.84 0.00 1.32
38 ← 0 45,001.47 45,000.96 45,001.03 −0.51 −0.43
39 ← 0 45,083.66 45,083.02 45,082.39 −0.64 −1.27
40 ← 0 45,155.95 45,155.9 45,154.11 −0.05 −1.83

114–114 34 ← 0 44,614.87 44,613.3 44,612.25 −1.57 −2.62
35 ← 0 44,714.65 44,714.09 44,715.14 −0.55 0.49
36 ← 0 44,810.85 44,811.51 44,813.4 0.66 2.55
37 ← 0 44,904.44 44,904.99 44,906.4 0.55 1.96
38 ← 0 44,994.38 44,993.7 44,993.87 −0.68 −0.51
39 ← 0 45,076.54 45,076.21 45,075.61 −0.33 −0.93
40 ← 0 45,150.6 45,149.91 45,148.39 −0.69 −2.21

Sum of absolute difference values 26.76 76.3
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using e.g., LeRoy's LEVEL computer program [23]). In this article, we in-
tend to “invert” this procedure and employ NN to find PEC (or its select-
ed fragment) using the Eυ′. Besides testing the procedure on
experimental spectrum,we also tested its effectiveness on few “artificial-
ly” created spectrawith known spectroscopic characteristics of the upper
electronic state (including PEC). For unification and simplification of the
description, we used term reference spectrum to both experimental and
“artificial” spectra described above.

To obtain PEC which leads to a proper simulation of the reference
spectrum, we executed the following steps:

1) We assumed Uini, the “initial” PEC representation of the upper elec-
tronic state potential involved in the analysed transition (e.g., a
Morse potential obtained using B-S method [24] or PEC which is
the result of IPA methodology). For the Uini, simulation of the spec-
trum obtained using LEVEL program gives transition energies close
to these from the reference spectrum. If theUini is analytical, it is con-
verted to a pointwise form Uini(Ri), where Ri takes discrete values.
Using this notation, Ui
ini=Uini(Ri) is the i-th point of the “initial”

potential Uini.
2) We identified the relevant points of Uini, which—in case of changing

their values—have a significant impact on the energies of relevant vi-
brational transitions (the relevant transition is the transitionwhich is
observed in the reference spectrum). Only the relevant points can be
modified using the method. The remaining points in the resulting
PEC have exactly the same values as these in the “initial” Uini (similar
procedure of selecting the relevant points based on the experimental
spectrum is occasionally used in IPA methodology). In all examples
presented here, the υ′-assignment of the vibrational components,
which are present in the reference spectrum is known. Thus, it sim-
plifies an identification of the relevant points of Uini: in the potential
well we plotted the relevant υ′ levels, which energieswere calculated
by LEVEL program. Next, we selected these Ui

ini points, which lie near
the energy region of the plotted υ′ (e.g., in case of the B11u ← X10g+

transition, we omitted points near the potential well as those not
available from the experiment. For further analysis, we also assumed



Fig. 3. Schematic representation of two-layer NN used in this study for determination of PEC characterizing the B11u-state potential in Cd2. Empty circles represent inputs xi and outputs yi
of the network. Green and red triangles (with symbolsNi–j) represent neurons in input and output layers, respectively,where indexes i and j denote layer's number andnumber of neurons
in the layer, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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that points for RbRe
0, where Re

0 denotes the position of the minimum
of the excited-state potential well, are irrelevant.

3) We generated data to train NN: based on the “initial” PEC (Uini) we
created few thousands of randomly modified PECs (Urand) according
to the equations:

Urand Rið Þ ¼ Uini Rið Þ þ Ai for i ∈ relevant points ð2aÞ

Urand Rið Þ ¼ Uini Rið Þ for i ∈ irrelevant points ð2bÞ

where Ai is a random number belonging to the specified range. In the
case of this study, as the rule of thumb, a range from −5 cm−1 to
5 cm−1was chosen; this range should be comparablewith the largest
discrepancy observed between position of peaks in the reference
spectrum and in simulation based on Uini. Next, for each Urand, we
used LEVEL program to find the Eυ , iso

sim , the energies of vibrational
levels for all isotopologues and υ′ observed in the reference spectrum.
Finally, from eachUrand and the corresponding LEVEL-simulation (i.e.,
from Urand and corresponding set of Eυ ,isosim ), we extracted two vectors,
which were directly used to train NN. The simulated energies, Eυ , isosim

were treated as an input vector x for the network and Yi coordinates
of relevant points of the randomly modified Urand were treated as an
output vector y of the network [we assumed that i-th point of Urand

has coordinates Ui
rand=(Xi,Yi)]. As a result, a set of 4000–5000 pairs

of vectorswas created, whichwas employed to train NNusingNeural
Network Toolbox™ [20] in Matlab® via back-propagation algorithm
with a Bayessian regularization [25,26] (details of NN parameters
Table 2
Parameters of Neural Networks (NN) used in this work in order to obtain pointwise PEC repre

Test I (Fig. 2, p

Type of the reference spectrum Artificial test s
Type of the Neural Network “initial” potential Morse with ra

Agreement coefficient for “initial” PEC 3.2
Agreement coefficient for PEC resulting from Neural Network method 0.016
Neural Network description 25-15s-12l
Network training function
Maximum number of epochs 40
are presented in Table 2). The back-propagation algorithm with
Bayessian regularization was chosen instead of a standard
Levenberg-Marquardt back-propagation algorithm as the former
provides better generalization for difficult and noisy dataset [20]. It
is essential to emphasize that using of Matlab® and its Neural Net-
work Toolbox™ is not compulsory. To construct and train NN, one
can use another Neural Network library e.g., open source Accord.NET
framework [27] or Fast Artificial Neural Network Library (FANN) [28].

4) After training NN, as the input vector to the network, a set of transi-
tion energies observed in reference spectrumwas applied. As a result,
the output vector of the network (Ui

NN) was assembled by a set of Yi
coordinates of relevant PEC points (the relevant point was defined
above). The final potential of the proposed method (UNN) is defined
as:

UNN Rið Þ ¼ UNN
i for i ∈ relevant points ð3aÞ

UNN Rið Þ ¼ Uini Rið Þ for i ∈ irrelevant points ð3bÞ

4. Quantitative Tests of the Procedure

To quantitatively assess the agreement between simulation
(prepared for a particular PEC) and the reference spectrum, the following
procedure was applied:
senting interatomic potentials of Cd2.

art I) Test II (Fig. 2, part II) Experimental spectrum (Fig. 3)

pectrum Artificial test spectrum Experimental spectrum
ndom noise modified Morse with

different parameters
I step IPA result II step NN result

2.1 6.7 0.64
0.0027 0.64 0.43
25-15s-13l 49-15s-19l 49-15s-18l

Bayesian regularization
57 30 30
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1) For isotopologues present in the reference spectrum, the energies of
vibrational components, Eυ , isoref , were extracted. Then, based on the
evaluated PEC, LEVEL program was used to find simulated energies
of vibrational components for the appropriate isotopologues, Eυ ,isosim .

2) In order to avoid a constant shift between the simulated and reference
spectra, to each Eυ ,iso

sim a correctionwas added, so for one selected com-
bination of the vibrational number υs and isotopologue isos, the fol-
lowing equality

Esimυs ;isos ¼ Erefυs ;isos
ð4Þ

was fulfilled meaning that for the selected isotopologue and simulat-
ed vibrational transition, the energy is the same as the experimental
vibrational transition energy.

3) A so-called agreement coefficient C was calculated according to for-
mula:

C ¼ 1
N
∑υ;iso Erefυ;iso−Esimυ;iso

� �
ð5Þ

where N is the number of terms in the sum corresponding to the
length of the input vector. The coefficient C, which is based on a
Mean Square Error formula, is an averaged (over all observed com-
ponents) squared discrepancy between simulated and reference en-
ergies of the spectral component. For simulations, which correctly
reconstruct the reference spectrum, the C is low (it equals zero for
the full agreement). Generally, one can assume, that for a proper
simulation the coefficient C should be smaller than the averaged
squared error of determination of energies in the reference spectrum.
However, the final assessment of the correctness of the simulation
should be based on a comparison of the simulated and experimental
energies of all transitions observed in the reference spectrum (com-
pare with analysis presented in Table 1 and Fig. 5).

Here, the reader deserves an explanation why themethod of assess-
ment takes into account only the vibrational energy structure (i.e., posi-
tions of υ′)while intensities of the observed transitions are omitted. One
reason for this approachwas the fact that the intensities of the observed
transitions depend not only on the PECs characterizing the electronic-
states potentials involved in the transition, but also on the transition di-
pole moment (TDM) function. Moreover, the observed transition inten-
sities strongly depend on the wave functions overlap (thus, on relative
position of the potentials). Consequently, a small shift in R of the
upper-state potential: Ui=U(Ri+ΔR) can dramatically change the in-
tensities of all observed transitions.

Additionally, a combination of rotational structure and isotopic shift
can also have significant impact on the observed transition intensities.
For example, if the rotational structure in the spectrum is not resolved
(or if it is partly resolved), for low υ′ (e.g., for υ′=0or 1), a small isotopic
shift can lead to an overlap ofmany rotational transitions assigned to dif-
ferent isotopologues. This is pronounced especially in a vicinity of
bandheads of the vibrational components. Due to the fact, that the isoto-
pic shift increases with υ′, the overlap of rotational components belong-
ing to different isotopologues is smaller for higher υ′. Consequently, the
intensity of bandheads of low-lying-υ′ components increases in compar-
ison to the distribution of Franck-Condon factors (F-CFs).

To avoid difficulties associated with the above-mentioned phenom-
ena, we decided to focus our attention on the positions of the observed
transitions only.

5. Results

To check a correctness of the method, before applied it to a real ex-
perimental spectrum, two simple tests were conducted in which we
used artificially created reference spectra with known spectroscopic
characteristics. In these tests performed for the most abundant Cd2
isotopologue, namely 112Cd114Cd, we used potentials which correspond
to the experimentally obtained ones that resulted from the analysis of
the b30u+(53P1) ← X10g+ transition in Cd2 [29]. The only difference was
a modification of the Re

″ in order to change the distribution of F-CFs and
increase the number of vibrational components in the spectrum. The
main goal of the tests was to examine the ability of NN to generate
PECs representing the b30u+-state potential that provide proper simula-
tion of the reference spectra.

Results of tests are presented in Fig. 4 where parts I [traces (a), (b)
and (c)] and II [traces (d), (e) and (f)] refer to test I and test II, respective-
ly. For both tests, we assumed a Morse representation of the X10g+ state.
Red traces (a) and (d) in Fig. 4 show reference spectra obtained using
programs LEVEL [23] and PGOPHER [31] applied for test I and II, respec-
tively. The reference spectra were generated assuming representation of
the b30u+-state potential with a Morse function [test I, trace (a)] and
modified Morse function UMMF [test II, trace (d)]. The UMMF was defined
as follows:

UMMF Rð Þ ¼ De 1−e−β R−Reð Þþβ2 R−Reð Þ2
h i2

ð6Þ

where β2= 0 forR≤Re
0 and β2= const forRNRe

0 (β2 constitutes of an ad-
ditional term to the Morse potential, which modifies the interatomic in-
teraction for larger R). The UMMF was chosen to generate one reference
spectrum in an arbitraryway, aswe intended to tests NNmethod against
reference spectra with more complicated distribution of υ′ than that ap-
plied for the case of non-modifiedMorse representation. Theblack traces
b) and e) in Fig. 4 show simulations obtained for the “initial” potentials
Uini (see Section 3) which were used in the process of generation of
data to train NN. For test I (part I in Fig. 4) as the Uini, we used a Morse
potential with randomly modified points for RNRe

0 , whereas for test II
(part II in Fig. 4), a Morse potential without modification was employed.
The spectra, which were obtained for the PEC resulting from the NN
method are shown in Fig. 4–blue traces (c) and (f). One can notice, that
for both tests, NN produced PECs, which resulted in simulations that
are in a significantly better agreement with the corresponding reference
spectra than it was in case of the “initial” PECs.

Fig. 2 presents simulation [black trace (b)] of the previously recorded
[19] [red trace (a)] spectrumof the B11u←X10g+ transition in Cd2. Details
of the simulation procedure are presented in Table 2. To obtain an im-
proved simulation-to-experiment agreement, NN method was used in
two-step cascade. In the first step, to generate data for training NN, the
best potential obtained using IPA methodology was used as the U1

ini (in
this paragraph the subscripts 1 and 2 denote first and second step, re-
spectively). The U1

NN, a result of NN method obtained in the first step
(which provided better simulation-to-experiment agreement than that
based on the result of IPA,U1

ini), was used in the second step as an “initial”
potential U2

ini to generate the new set of data for training next NN. Be-
tween the first and second step, one point at the top of potential barrier
was excluded from the PEC as its positionwas nonphysical. The resulting
PEC of the second step (U2

NN) is presented in Fig. 1 and in Table 3. It is pos-
sible that using more steps in a cascade would provide further improve-
ment of the agreement between simulation and experiment. But due to
the fact that even in case of two-step cascade the agreement coefficient
is relatively small and the resolution of experimental spectrum is limited
(the distance between experimental points is approx. 1 cm−1), this ap-
proach have been abandoned.

A comparison between simulations which are based on results of IPA
methodology (U1

ini) andNNmethod (U2
NN) is presented in Table 1 and Fig.

5. From the comparison it is obvious that in case of NNmethod, for prac-
tically all transitions the difference between simulated and experimental
energies are smaller than in case of IPA methodology. From Table 2 one
can conclude, that for the simulation based on the result of NN method,
the agreement coefficientC is about ten times smaller (i.e., better) than in
case of the simulation based on the best result of IPA methodology.



Fig. 4. Results of tests of NN method on two artificially generated reference spectra of the
b30u+(53P1) ← X10g+ (51S0) transition in Cd2 (detailed description in text). (a) and (d)
artificial reference spectra (red traces), (b) and (e) simulations (black traces) obtained for
the “initial” PEC. (c) and (f) simulations (blue traces) obtained for PEC resulting from NN
method (parameters of NN are shown in Table 2). All simulations were made using
LEVEL [23] and PGOPHER [31] programs, with assumption of the X10g+-state Morse
representation (De

″ = 328 cm−1 [30], Re″ = 3.6 Å, β″ = 1.0826 Å−1 [30]). The assumed
representation takes into account a modified Re

″ (changed from 3.78 Å [30] to 3.60 Å) to
increase the number of vibrational transitions present in the reference spectrum. In part I,
the reference spectrum (b) was generated using the b30u+ state represented with a Morse

function [30] (D0
e ¼ ω02

e
4ω0

ex
0
e
= 257.125 cm−1, Re′ = 4.02 Å, β′ = 1.0670 Å−1). As the “initial”

PEC in part I, Morse representation mentioned above was used after conversion to a
pointwise form and random modification of energies of several points (details in text). In
part II, the reference spectrum was generated using the b30u+ state represented with a
modified Morse function (see Eq. (6), De′, Re′ and β′ as in part I, and β2

0 = 0.005 Å−2). In
part II, the “initial” PEC was represented using another modified Morse function with
different characteristics (smaller β2

0): De′, Re′ and β′ as in part I, (β2
0 ¼ 0:001 Å−2). All

simulations of the spectra were performed for ΔLorentz = 0.2 cm−1, ΔGauss = 0.2 cm−1

convolutions (corresponding to the bandwidth of the laser beam and a residual Doppler
broadening in the molecular beam, respectively) and rotational temperature Trot = 3 K.
Insets illustrate fragments of the reference spectra and simulations obtained for ΔLorentz =
0.05 cm−1, ΔGauss = 0.05 cm−1 convolutions. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Table 3
The PEC turning points for the B11u(51P1) state of Cd2
obtained in this work using Neural Network (NN)
method (details in text). Superscript NN denotes
points that were modified by NNmethod.

R [Å] U′ [cm−1]

1.876 78,235.17
1.947 68,573.09
2.019 60,921.54
2.09 54,924.27
2.162 50,283.64
2.233 46,753.87
2.305 44,150.36
2.376 42,271.06
2.447 40,965.82
2.519 40,182.43
2.59 39,745.19
2.662 39,599.51
2.733 39,681.28
2.805 39,901.73
2.876 40,275.41
2.947 40,733.40
3.019 41,242.64
3.09 41,808.15 NN

3.162 42,387.55 NN

3.233 42,779.51 NN

3.305 43,336.04 NN

3.447 44,126.88 NN

3.59 44,628.56 NN

3.733 44,855.74 NN

3.876 44,896.36 NN

4.162 44,835.30 NN

4.305 44,705.69 NN

4.447 44,512.50 NN

4.59 44,293.71 NN

4.733 44,141.09 NN

4.876 44,038.11 NN

5.019 43,953.06 NN

5.162 43,882.62 NN

5.305 43,838.10 NN

5.376 43,808.34 NN
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6. Fitting Analytical Potentials

Another application of NN in the field of direct fitting of PECs is
finding parameters of analytical potentials. In comparison with the
method described in Sections 2 and 3, here themain difference is sig-
nificantly smaller length of the output vector. It is evident, that in
case of fitting parameters of an analytical potential with only few pa-
rameters, the complexity of the problem is definitely smaller than in
case of fitting pointwise potentials when energy of several points can
be changed almost independently. So, in the former case the size of
training set can be reduced. Our tests showed that to successfully
train NN, usually one needs only one hundred or maximum few hun-
dred samples.

In order to find parameters of an analytical potential, the following
method was employed:
1) A type of the potential whichwewant to fit was assumed. In our tests
we used Expanded Morse Oscillator (EMO) [23] and Lennard-Jones
(L-J) potential.

2) The ranges in which each parameter of the potential can vary were
assumed (compare with Table 4). This assessment was based on
the previous knowledge on the molecular potential (e.g., results of
ab initio calculations).

3) To generate data to train NN,we randomly chose values of all poten-
tial parameters (within the ranges specified in 2) in order to create a
temporary potential. For the temporary potential, using LEVEL pro-
gram, we generated Eυ ,iso

sim , energies of all vibrational components in
all isotopologues observed in the reference spectrum (compare
with procedure for pointwise potential described in Sections 3).
The generated Eυ ,iso

sim formed the input vector; parameters of the tem-
porary potential formed the output vector in the training sample (in
the same order for each training sample). The procedurewas repeat-
ed one hundred times to generate a dataset to train NN. Resulting
dataset was employed to train NN using Neural Network Toolbox™
[20] in Matlab® via back-propagation algorithm (details of NN pa-
rameters are presented in Table 4).

4) After training NN, a set of transition energies observed in the refer-
ence spectrum was applied as the input vector to NN. As a result,
the output vector of NN was formed by the fitted values of parame-
ters of the analytical potential.

To examine the proposed method, we conducted three tests for Cd2.
In the tests, we fitted two EMO potentials with four and five parameters
each, and L-J potential with four parameters. The fits were performed to
the reference spectra created for the same type of potential as the fitted



Fig. 5.Comparison of agreements between experimental spectrum, result of IPAmethodology (red bars) and result of thiswork obtained usingNeural Networkmethod (black bars) in case
of the B11u(51P1)←X10g+ (51S0) transition in Cd2. Each bar depicts one vibrational component in one A₁Cd-A₂Cd isotopologue. The height of each bar corresponds to the difference between
simulated and experimental energies of particular vibrational transitions. Red and black dashed horizontal lines show averaged heights of corresponding bars, respectively. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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one. Similarly to examples with artificial pointwise potentials described
in Section 3, all reference spectra and simulations were obtained under
assumption that the molecular ground state is represented by a Morse
potential (De

″ = 328 cm−1 [30], Re″ = 3.6 Å, β″ = 1.0826 Å−1). The pa-
rameters of the excited-state potentials for the reference spectra, are pre-
sented in Table 4. The parameter values were chosen randomly, but they
were close to the parameters of a real, b30u+(53P1)-state experimentally
determined potential [29]. We assumed (compare with point 4) that in
the reference spectrum energies of first 20 vibrational components can
be identified (note: as “energy of vibrational component”we took ener-
gy of the transition between rotational levels J′= 1 and J″= 0 obtained
in a simulation using LEVEL program). To assess the result of the fit, we
employed a procedure similar to the one used for the pointwise potential
described in Section 4. For all tests, to each potential from the training
sample, we applied the procedure from Section 4. It allowed for finding
which of them provides the best simulation of the reference spectrum.
The agreement coefficients C associated with the best potential from
the training samples are collected in Table 4 (see Best agreement coeffi-
cient in training dataset). This permitted to checkwhether NN fit provid-
ed better performance than that using potentials obtained by the “brute
force” method during creation of a training dataset. For each test, the
comparison of the C coefficients undeniably shows that, thanks to the
Table 4
Parameters of Neural Networks (NN) used in this work in order to obtain analytical PEC repres
respectively).

Test I

Type of fitted potential Extended Morse Oscilla
with two β parameters

Ranges of parameters in training dataset Re = (4.00–4.04)
De = (250–270)
β = (1.0–1.1)
β1 = (0.0–0.5)

Parameters of potential in reference spectrum Re = 4.000
De = 252.9700
β = 1.0680
β1 = 0.120

Parameters of potential fitted by NN method Re = 4.019
De = 252.9702
β = 1.0679
β1 = 0.1203

Best agreement coefficient in training dataset 0.20
Agreement coefficient for PEC resulting from NN method 1.2e-4
NN description 20-10s-4l
NN training function
Maximum number of epochs 247
fitting procedure, we can find the potential which provides simulation
of the reference spectra in much better agreement than that provided
by the best random potential from the training dataset. One has to note
that the C coefficient of the potential resulting from NN fit is about
three order of magnitude smaller than that of the best random potential
from the training set. From Table 4, one can infer that in all presented ex-
amples the fitted values of bond length Re in the training datasets lies al-
most exactly in themiddle of the allowed range of Re. Itmeans that the Re
has small influence on the energies of vibrational components in the
spectrum, and as a value of the Re, NN chose a number similar to an av-
erage of Re values that were present in the training dataset.

7. Conclusions

Wepresented amethod of employingNeural Network (NN) in order
to determine an interatomic potential of diatomicmolecule based on an
experimental vibrational spectrum. The method uses Matlab® imple-
mentation of NN back-propagation algorithm. The goal was to improve
the “initial” pointwise potential energy curve (PEC), which provides an
imperfect representation of the interatomic potential and not satisfacto-
rily simulation of the experimental spectrum under consideration. Re-
sults of tests on artificially generated reference spectra of the
enting interatomic potentials of Cd2. (Re, De, and β are expressed in [Å], [cm−1] and [Å−1],

Test II Test III

tor (EMO) Extended Morse Oscillator (EMO)
with three β parameters

Lennard-Jones (L-J)

Re = (4.00–4.04)
De = (250–270)
β = (1.0–1.1)
β1 = (0.0–0.5)
β2 = (0.0–0.1)

Re = (4.00–4.04)
De = (250–270)
n = 4,5,6,7
m = 9,10,11,12,13,14

Re = 4.015
De = 269.6700
β = 1.0400
β1 = 0.4780
β2 = 0.0056

Re = 4.0300
De = 261.428
n = 13
m = 6

Re = 4.017
De = 269.6700
β = 1.0384
β1 = 0.4781
β2 = 0.0115

Re = 4.0216
De = 261.4356
n = 13
m = 6

1.21 1.18
0.023 0.034
20-10s-5l 20-10s-4l
Levenberg-Marquardt
144 63
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b30u+(53P1) ← X10g+ (51S0) transition as well as result of simulation of
the previously recorded [19] spectrum of the B11u(51P1)← X10g+ transi-
tion (both in Cd2) show, that the NNmethod provides PEC that leads to
a significantly better simulation of the experimental spectrum as com-
pared with the simulation generated for the “initial” PEC. Moreover, in
case of the B11u ← X10g+ transition, the obtained simulation is better
than the best result of IPAmethodology [19]. A drawback of the present-
ed method of fitting a pointwise potential, is the necessity of using an
“initial” potential Uini to start the fitting procedure. One of the possible
solution to this problem is finding an analytical representation of the
potential (which can be found using method described in Section 6),
converting it to a pointwise form and using it as an input potential for
NN method of fitting the pointwise potentials (probably using in a
few-step cascade). Another solution can be using as an Uini, the result
of ab initio calculations.

Additional tests conducted for fitting analytical potentials showed
that the proposed method can be helpful in finding parameters of a
given analytical representation of molecular potential. It was showed
that using this method, that is based on 100 analytical representations
of PEC in a training dataset, we can find new analytical representation
of PEC, which provide much better simulation of the reference spectra
than that obtained in case of potentials from the training dataset. The
agreement coefficient C is almost three order of magnitude smaller
than that corresponding to the best representation from the training set.

We presume, that an approach similar to the presented in this article
can be used to analyse spectrum with resolved rotational structure
(under an assumption that the assignment of rotational quantum num-
ber J in the reference spectrum is known). However, due to the fact that
obtaining a reliable J-assignment in the reference spectrum is more dif-
ficult than obtaining reliable υ′-assignment, the usefulness of this ver-
sion of the method is smaller.

To summarize, in our opinion one of the main advantages of the pre-
sentedmethod is a simplicity in their implementation. The training ofNN
using Matlab® can be conducted using a graphical user interface in
which the training set and parameters of NN can be specified. In case
of an analytical potential, the presented method can be used to quickly
verify if the assumed potential representation can be applied to properly
simulate given set of vibrational energies. Moreover, presented method
can be successfully used for spectra with a small number of the observed
components.

One should also emphasize that the presented methods are not con-
sidered here as better than any othermethod dedicated for obtaining PEC
or PES from experimental data (especially as compared with IPA meth-
odology or methods using genetic algorithm to fit PEC [32,33] or PES
[34] to experimental data). The methods presented in this article are
only an alternative approach which can be helpful in certain cases.
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