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Deep neural network for fitting analytical potential energy curve of diatomic
molecules from ro-vibrational spectra
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ABSTRACT
We present a new approach which employs a deep neural network to obtain parameters of analytical
representation of potential energy curve of diatomic molecule. We test the approach to find
spectroscopic characteristics for the ground X2S

+ electronic state of MgF molecule based on the
experimental energies of ro-vibrational transitions. The result shows that a deep neural network can
be applied in characterisation of interatomic potential of diatomic molecule. Our approach is
competitive with those obtained using other methods tested, i.e. shallow neural network and the so-
called brute force method.
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1. Introduction

One of the most important goal in the process of analysis of ro-
vibrational spectra of a diatomic molecule is finding potential
energy curves (PECs) for the analysed electronic states, which
lead to a proper simulation of experimentally observed struc-
ture of ro-vibrational levels. Historically – besides the well
known Birge-Sponner method [1], which works properly
only for electronic states (or their parts) which can be
described by a Morse potential – one of the popular method
of describing the ro-vibrational energy structure of diatomic
molecules is Dunham expansion [2]. Another important
approach for obtaining pointwise PECs from experimental
data is the Rydberg–Klein–Rees (RKR) method [3, 4] which,
according to Hurley [5], is equivalent to the first order Dun-
ham approach. The RKR had been introduced in 1930s [6,
7] but it gained popularity in 1960s and 1970s due to increase
in computational power of computers and development of
numerical methods employed for calculation of Klein inte-
grals. However, RKR method possesses a drawback, i.e. it
can produce errors for shallow potentials, e.g. for van der
Waals molecules (vdW) or for ro-vibrational levels near the
dissociation limit [8].

Finding a pointwise PEC, that properly describes the energy
structure of the analysed electronic state can also be performed
with using of inverse potential approach (IPA) method [9, 10].
To use IPA one should have a so-called initial potential, which
approximately describes the energies of ro-vibrational levels in
the analysed state (it can be, e.g. a Morse potential, properly
describing energies at the bottom of the potential well, or the
result of ab-initio calculation). In IPA method, the initial
potential is modified by adding corrections in this way, so
eigenvalues obtained by solving the Schrödinger equation for
the modified potential are close to the experimentally observed

energies of ro-vibrational levels. IPA is an example of the
direct potential fit (DPF) approach. The DPF approach can
be also applied for fitting parameters of analytical PECs to
spectroscopic data using the least square method and effective
radial Schrödinger equation based on analytical PEC (see e.g.
[11]). To find potential parameters using this type of DPF
method one can use LeRoy’s computer program DPotFit [12].

In recent years, thanks to the rapid growth of compu-
tational power, methods of obtaining PECs representing elec-
tronic states of a diatomic molecule, which apply popular
techniques from the field of artificial intelligence and machine
learning such as evolutionary algorithms [13–15] and neural
networks (NNs) [16, 17] have been developed. Marques et al.
[13] employed genetic algorithm to fit the extended-Rydberg
form of the analytic potential function of NaLi and Ar2.
Almeida et al. [14] extended methodology proposed in [13]
to carry out the challenging fit of the RbCs dimer. Urbańczyk
and Koperski [17] employed shallow neural network (SNN)
for finding an expanded Morse oscillator (EMO) represen-
tation of PEC with three beta parameters for Cd2. Bittencourt
et al. [16] tested three single-layer networks (with three, four
and six neurons) and a simple architecture of DNN, i.e. con-
sisted of two layers with a total of four neurons to determine
the pointwise representation of electronic potential and dipole
moment in OH molecule.

In this work, we present an approach which employs a deep
neural network (DNN) – which idea will be explained in the
next section – for obtaining parameters of a specific analytical
PEC representation of the selected electronic state of a dia-
tomic molecule based on the energies of recorded ro-
vibrational transitions. As an example, we derived parameters
of an EMO function for the ground X2S

+ state in MgF mol-
ecule, based on spectroscopic data reported in [18]. To the
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best of our knowledge, this is the first study that employs DNN
to find a specific analytical PEC representation of diatomic
molecule.

2. Deep neural networks

NNs or artificial neural networks (ANNs) are computational
networks loosely inspired by the human brain that can solve
many types of complex problems [19]. DNNs are neural net-
works composed of several layers stacked on top of each
other. The number of layers defines the depth of NN. In the
multilayer perceptrons, information flows through the net-
work in one direction from the input (first layer) to the output
(last layer) and the output of each neuron in a given layer is an
input for the neurons in the next layer. Thus, a multilayer per-
ceptron is a feedforward DNN composed of fully connected
layers, see Figure 1.

Nowadays, the DNN’s are widely used in computer vision
(e.g. recognition of objects or image classification [20]) and
natural language processing (e.g speech recognition [21]).
They are also used in different application, e.g. for drug
research [22] and stock market prediction [23].

In DNN, each layer represents a different function respon-
sible for learning a distinct set of features, based on the results
of the previous layer. Usually the first layers are responsible for
the extraction of the simplest or basic features, and the sub-
sequent layers for the extraction of increasingly complex fea-
tures [24]. Feedforward NNs compose computations
performed by these layers. For NN with d layers connected
in a chain, the model takes the following form

f (x) = f (d)(f (d−1)( · · · (f (2)(f (1)(x))))), (1)

where x is a vector of input parameters.
The layer is made of simple computational units called

neurons. A single neuron is composed of n inputs xi and
one output y. The output of the neuron is computed by

combining inputs xi with a set of synaptic weights wi. The
sum of input-weights products supplemented by the weighted
bias w0 is passed through a so-called activation function f. Out-
put of the j-th neuron in the layer has the following form

yj = f
∑n
i=1

wijxij + w0j

( )
. (2)

Activation function add the non-linearity to the model and
allows NNs to learn the non-linear relationships in the data
[25, 26]. The most commonly used activation function for
DNNs [27, 28] is a rectified linear activation unit (ReLU)
[29, 30] given by f (x) = max(0, x).

A given problem to be solved can be represented by pairs of
input and output vectors xi and yi, respectively. In this nota-
tion, the vector yi form a solution to the problem for particular
set of input parameters described by vector xi. Usually, con-
sidered problem has many different vectors xi. All vectors xi
and all vectors yi, both stacked vertically, form matrix X of
input and matrix Y of output vectors, respectively. These
matrices form a training dataset, where (xi, yi) forms a single
pair of training vectors.

The goal of DNN is to learn an approximation of some
unknown function y = f ∗(x) that maps an input xi to an out-
put yi. Namely, DNN defines a mapping Y = f (X; u) and finds
the u parameters, i.e. the synaptic weights wij that result with
the best approximation of the f ∗ function [31]. This is done
during NN training process, i.e. finding the correct weights
wij for each neuron. In this process, a set of input-output vec-
tor pairs (xi, yi) are feed into the network.

To achieve the best approximation, i.e. to get a set of
weights wij that produces a value ŷi that is close to the actual
value for a given input yi, NN is trained via the back-propa-
gation algorithm [31, 32] using training data. The goal is to
minimise the so-called objective or loss function that measures
the difference between the computed ŷi and actual yi output
value. For DNN, the mean square error (MSE) is commonly

Figure 1. The fully connected feedforward DNN architecture of the proposed model.
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used as a loss function. Usually, a proper training of DNN
requires extensive amount of training data as well as huge
amount of computational power, so in recent years DNNs
have gained popularity, especially due to possibility of paralle-
lisation of computation using graphics processing units
(GPU’s) [33].

3. Methods

3.1. Choice of PEC

Hou and Bernath showed [34], that the ground state of MgF
molecule can be accurately described by an EMO function.
EMO potential has the following form [35, 36]

VEMO(R) = De 1− e−b(R)(R−Re)
[ ]2

, (3)

where De is the potential well depth, Re is the internuclear
equilibrium distance and

b(R) = b0 + b1
R− Rref

R+ Rref
+ b2

R− Rref

R+ Rref

( )2

+ · · · (4)

is the function expressed as a power series in R, where Rref is a
chosen expansion centre usually set equal to Re. In this work,
we use EMO potential with four bi (i = 0, . . . ,3) to simulate
the ro-vibrational energy structure of the ground state of
MgF dimer.

3.2. Creation of data for training DNN

In the training set, the input vector xi takes the form of an
ordered list of energies of ro-vibrational transitions, whereas
the output vector yi is formed by the parameters of EMO
potential: yi = (Ri

e, D
i
e, b

i
0, b

i
1, . . . , b

i
N). The (xi, yi) forms a

single pair of training vectors.
The created DNN will be used for finding parameters of

EMO potential of the ground X2S+ state in MgF molecule
based on the experimental data [18]. This data contains 744
energies of assigned transitions Eexpt(y′ ,J′)�(y′′ ,J′′) between different
ro-vibrational levels of the X2S+ state observed in the infrared
emission spectrum recorded by a Fourier spectrometer (for
details see [18]). Adopting data of [18] for our DNN, we sorted
Eexpt(y′ ,J′)�(y′′,J′′) ascending according to their quantum numbers
y′′, y′, J′′ and J′. The energies were primarily sorted by y′′

then by y′ and J′′ and finally by J′. The sorted list of
Eexpt(y′ ,J′)�(y′′,J′′) form an experimental input vector xexpt. After
applying xexpt as the input for DNN, the trained network
should return parameters of EMO potential, which leads to a
proper simulation of experimental energies. It is essential,
that the order of energies in xexpt determines the order of ener-
gies in vectors xi, which are used for training DNN. It means,
that xi should be created by energies of the same transitions in
the same orders as in xexpt. In each pair of training vectors
(xi, yi) the energies of xi should be computed by solving the
Schröedinger equation for EMO potential with parameters
from yi.

To generate a set of training vectors we wrote a computer
program. To create a single pair of input and output vectors
(xi, yi), the program randomly chose parameters of EMO

potential (Ri
e, D

i
e, b

i
0, b

i
1, . . . , b

i
N) from predefined ranges

and – based on this random potential – computed MgF
ground-state energies of ro-vibrational levels Esimy,J using
LEVEL [36]. Based on these results, the program computed
list of Esim(y′ ,J′)�(y′′,J′′) for the same ro-vibrational transitions
which were observed experimentally and were used to create
xexpt. After appropriate sorting of Esim(y′ ,J′)�(y′′ ,J′′), the input vector
xi was created. The output vector in the training pair was
formed by the randomly chosen parameters
yi = (Ri

e, D
i
e, b

i
0, b

i
1, . . . , b

i
N). To generate the training dataset

with appropriate number of training pairs, the program
repeated the procedure of creation a single pair of training vec-
tors hundreds of thousands times.

3.3. Data preprocessing

Data was appropriately preprocessed (so-called feature scal-
ing) before training and evaluating DNN. This was necessary
because the difference between the ranges of values of some
potential parameters was several orders of magnitude. Such
large differences between ranges of DNN input examples can
significantly hamper the process of obtaining proper weights.
Feature scaling may lead the gradient to descend faster towards
the minima [37]. It may also help to achieve better model
performance.

In order to get a uniform range of values for the transitions
energies, the input data X was scaled linearly to the range of
[0, 1] and was additionally mean-centred according to the fol-
lowing formula

X′
:,i =

(X:,i − �xi)−min(X:,i − �xi)
max(X:,i − �xi)−min(X:,i − �xi)

, (5)

where X:,i is a column vector (column i of matrix X of input
vectors) of the original values of energies of a given transition,
�xi is a mean of column vector X:,i.

The output data Y was also scaled linearly to the range of
[0, 1] to get a uniform range of values for each of the potential
parameter

Y ′
:,i =

Y:,i −min(Y:,i)
max(Y:,i)−min(Y:,i)

, (6)

where Y:,i is a column vector (column i of matrix Y of output
vectors) of original values of a given potential parameter.

3.4. Architecture

We use the fully connected feedforward DNN with 7 hidden
layers, as shown in Figure 1. According to [16, 17], we describe
the network architecture by listing the number of neurons in
each layer, followed by letters denoting the activation function
used in each layer. The architecture of our model can be
described as 744−60r−40r−30r−20r−20r−20r−10r−6l,
where r and l denote leaky ReLU (see Equation (7)) and linear
activation functions, respectively. The input size corresponds
to the number of experimentally observed ro-vibrational tran-
sitions of the ground state in MgF (see Section 3.2) while the
output size corresponds to the number of parameters of
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EMO potential (see Section 3.1). It follows that the model has
50,106 trainable parameters.

To avoid the dying ReLU problem [38, 39], i.e. some neur-
ons are inactive and result in output 0 for any input, we use a
leaky ReLU activation function [26] between hidden layers. It
allows for a non-zero gradient when the neuron is saturated
and not active. The leaky ReLU is given by:

f (z) = z, z≥0
az, z ,0,

{
(7)

where α is a negative slope coefficient. For output layer, we use
a linear activation function f (z) = z as the problem is formu-
lated as a regression problem.

To deal with the different impact of potential parameters on
the shape of PEC and thus on the energies of vibrational tran-
sitions, we use a weighted mean squared error (WMSE) as a
loss function. For a single vector of potential parameters, the
WMSE is given by:

WMSE = 1
n

∑n
k=1

wk · (yk − ŷk)
2, (8)

where yk is a k-th element of the yi vector of actual potential
parameters, ŷk is a k-th element of the ŷi vector of predicted
potential parameters, n is a number of elements in yi or ŷi,
wk is a k-th element of the w = [wRe , wDe , wb0

, wb1
, wb2

, wb3
]

column vector consisting of fixed weights corresponding to
the individual potential parameter. Each weight is a non-nega-
tive integer.

3.5. Model implementation

We implement our model using keras [40] application pro-
gramming interface (API) version 2.3.1. We train our DNN
using the stochastic gradient descent [41] with Adam optimi-
ser [42]. We use a linear learning rate schedule to decrease the
learning rate linearly by a small factor α each time the vali-
dation loss has stopped improving. Reducing the learning
rate from a large initial value to a small value avoids getting
stuck in the local minima of the loss function over the training
process. To avoid overfitting, we use the early stopping tech-
nique [43]. The hyperparameters used are described in Table 1.

The size of the dataset was 65,000 (energy, potential par-
ameter) pairs. The dataset was split into training, validation
and test data where the data split ratio was 80%, 10% and
10%, respectively. We also test our model on the experimental
spectroscopic data presented in [18].

We shared the source code, trained NN, user manual and
sample artificial data in the supplementary materials.

4. Results

To find parameters of analytical PEC of the X2S+ ground elec-
tronic state of MgF molecule, we trained and tested our model
using artificially generated dataset. Also, we tested the model
on the experimental data of Barber et al. [18]. To check the
accuracy of potential parameters prediction using test data,
we applied the average root mean squared error (RMSE) as a
performance metric

RMSEparams = 1
ntest

∑ntest
i=1




















‖(ytesti − ŷitest)‖22

n

√
, (9)

where ‖‖2 is a vector ℓ2 norm, ytesti is a vector of actual poten-
tial parameters, ŷitest is a vector of predicted potential par-
ameters, n is a number of elements in ytesti or ŷitest, ntest is a
number of vectors of potential parameters in the test data.

In addition, using the same metric, we checked the accuracy
of determination of the transitions energies for the predicted
potential parameters. We calculated transitions energies for
potential parameters predicted by DNN for test data using
the computer program described in Section 3.2. The accuracy
of transition energies determination is calculated as follows

RMSEenergies = 1
ntest

∑ntest
i=1




















‖(xtesti − x̂itest)‖22

n

√
, (10)

where xtesti is a vector of actual transition energies from test
data, x̂itest is a vector of calculated transition energies for the
potential parameters predicted by DNN, n is a number of
elements in xtesti or x̂itest, ntest is a number of vectors of tran-
sition energies in the test data.

We compared the performance of our model with an SNN
and the brute force method. Architecture of the SNN can be
described as 744−40r−6l. In the brute force method, for a
given transition energies vector xtesti=k from the test set, from
the training set we chose the transition energies vector xtrainbest
that best fit xtesti=k. The proximity of vectors is measured by
the mean squared error (MSE) as follows

argminxtrain
1

ntrain

∑ntrain
j=1

‖(xtesti=k − xtrainj )‖22
n

, (11)

where xtesti=k is a given transition energies vector from the test
set, xtrainj is a training sample vector of transition energies, n
is a number of elements in xtesti or xtrainj and ntrain is a number
of vectors of transition energies in the train data. We calculated
MSE for the potential parameters corresponding to the
selected xtesti=k and found xtrainbest vector (see Equation (9)) as
well as the accuracy of the determination of transition energies
for the predicted potential parameters (see Equation (10)).

Because the data set is considerably large and the range of
values from which the potential parameters are drawn when
generating data is narrow, values of transition energies in
both sets may be similar. Since we cannot test the DNN per-
formance for completely new data (e.g. for another dimer),

Table 1. Hyperparameters and other DNN settings.

Settings Setting value

Input shape (Number of samples, 744)
Output shape (Number of samples, 6)
Dense-dense activation Leaky ReLU
Dense-output activation Linear
Weights initialisation He initialisation [44]
Initial learning rate 0.007
Optimiser Adam [42]
Batch size 128
Epochs 450
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we decided to check the performance for data that simulates
the so-called ‘unseen’ data. To form a set of ‘unseen’ data,
from all vectors in the test set, we chose 10 vectors that maxi-
mise MSE in terms of transition energies for the vectors in the
training set

argmaxxtest
1

ntestntrain

∑ntest
i=1

∑ntrain
j=1

‖(xtesti − xtrainj )‖22
n

, (12)

where n is a number of elements in xtrainj or xtesti , ntest, is a num-
ber of vectors of transition energies in the test data and ntrain is
a number of vectors of transition energies in the train data. We
checked the model performance for the selected vectors and
compared it to performance of the brute force method and
SNN. Results of this test are shown in Table 2.

5. Discussion

Results of tests on artificially generated data as well as on
experimental data show that DNNs can be used to find par-
ameters of analytical PEC for diatomic molecule. The results
of this study are pioneering and promising in the context of

future research on the generalisation of the presented model
for determining PEC of excited electronic states and the auto-
mation of assigning quantum numbers y and J to spectral lines
as well as extending the method to pointwise potentials. We
show that DNN presented here achieves a better performance
in predicting parameters of EMO potential than those of SNN
and brute force method. We also show that the transition ener-
gies determined for the potential parameters predicted by our
model are in very good agreement with the expected transition
energies for both artificial and experimental data.

The accuracy of predicting parameters of EMO potential
(measured by RMSE) of our model is one order of magnitude
higher than those for the brute force and SNN method (see
Table 2). EMO potential predicted by our model results in
more accurate energies calculation than for EMO potential
predicted by the brute force and the SNN method. Addition-
ally, the performance of DNN for data simulating the ‘unseen’
data is almost the same as for the test data. Accuracy of the
energies determination for ‘unseen’ data is also comparable
to the test data (see Table 3). Also, the model is in a very
good agreement with the experimental data [18]. RMSE
between the transition energies calculated for EMO par-
ameters predicted by DNN and experimentally determined
energies is one order of magnitude lower than those for
brute force and SNN method. We also compared our result
for experimental data with result obtained by DPF method.
We fit EMO potential with four β parameters to the exper-
imental energies and, using the computer program described
in Section 3.2, we calculated the energies for potential par-
ameters fitted by DPF. Energies calculated for parameters
determined by DPF method are closer to the experimentally
determined energies than energies calculated for parameters
predicted by our method. However, the accuracy of fitting
potential parameters by DNN and determination of the tran-
sition energies based on these parameters is not significantly
lower than the results obtained by the DPF method. The
results for experimental data are shown in Table 4. Figure 2
compares PECs determined by brute force method, SNN and
DNN for the transition energies randomly selected from the
test set.

The accuracy of energy calculation for the parameters
determined by the network can be significantly improved by
introducing a spectral shift. It turned out that very often the
entire spectrum determined by the network is shifted by a con-
stant value relative to the reference spectrum. Our algorithm

Table 3. Accuracy of determination of transition energies for parameters of EMO
potential predicted by the brute force method, shallow NN (SNN) and DNN for
test data, data simulating ‘unseen’ data and experimental data.

Brute force SNN DNN

RMSE for test dataa 6.7 · 10−1 7.48 c 3.2 · 10−1 d

RMSE for ‘unseen’ dataa 1.0 · 101 6.3 · 10−1 4.4 · 10−1

Energies RMSEb 8.5 2.2 · 10−1 6.5 · 10−2

aAveraged root mean squared error (see Equation (9)) expressed in cm−1. bRoot
mean squared error (expressed in cm−1) between experimental energies xexpt
[18] and transition energies x̂expt. Energies x̂expt is calculated for the EMO poten-

tial with parameters predicted for xexpt. RMSE is given by













‖(xexpt−x̂expt)‖22

n

√
, where n

is a number of elements in vector x̂expt or xexpt. c1.21 after shifting the simu-
lated spectrum along X axis to align the position of first line in the SNN spec-
trum with the energy of the first line in the reference spectrum d8.0 · 10−2 after
shifting the simulated spectrum along X axis to align the position of first line in
the DNN spectrum with the energy of the first line in the reference spectrum.

Table 2. The performance of the brute force method, SNN and DNN in predicting
parameters of EMO potential for test data and data simulating ‘unseen’ data.

Brute force SNN DNN

RMSE for test dataa 9.2 · 10−2 1.6 · 10−2 3.2 · 10−3

RMSE for ‘unseen’ dataa 7.0 · 10−2 3.4 · 10−2 3.9 · 10−3

aAveraged root mean squared error (see Equation (9)) expressed in cm−1.

Table 4. Parameters of EMO potential predicted by brute force method, SNN and DNN compared with the results obtained by direct potential fit method (Re , De and bi
are expressed in [Å], [cm−1] and [Å−1], respectively).

Parameters rangesa DPF Brute force SNN DNN

Re = (1.7, 1.8) Re = 1.74991 Re = 1.74302 Re = 1.74968 Re = 1.74961
De = 37, 297.24 De = 37, 297.24 De = 37, 297.24 De = 37, 297.24 De = 37, 297.24
b0 = (1.1, 1.8) b0 = 1.47859 b0 = 1.47578 b0 = 1.47808 b0 = 1.4783
b1 = (− 0.5, 0.5) b1 = −0.25486 b1 = −0.22387 b1 = −0.25701 b1 = −0.25227
b2 = (− 0.3, 0.3) b2 = 0.10715 b2 = 0.10994 b2 = 0.11463 b2 = 0.10758
b3 = (− 0.3, 0.3) b3 = 0.04191 b3 = −0.09699 b3 = 0.09483 b3 = 0.10547
RMSEb 7.6 · 10−3 8.5 · 10−1 2.2 · 10−1 6.5 · 10−2

aRange of potential parameters from which the data used to train and test the neural network was drawn.bRoot mean squared error between experimental energies

xexpt [18] and transition energies x̂expt. Energies x̂expt are calculated for EMO potential with parameters predicted for xexpt. RMSE is given by













‖(xexpt−x̂expt )‖22

n

√
, where n is a

number of elements in vector x̂expt or xexpt. RMSE expressed in cm−1.
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introduces an appropriate shift in order to align the energy of
the first line in the DNN spectrum with the energy of the first
line in the reference spectrum. Shifting the DNN spectrum
relative to the reference spectrum significantly reduces the
RMSE, i.e. by one order of magnitude (see Table 3).

The experimental energies of (y,J ) levels, for which we cal-
culated transitions energies, are always measured with some
uncertainty. Thus, we tested the performance of DNN in
case of noised data. To generate a noised dataset, to each tran-
sition energy in the original dataset we add a real number ran-
domly chosen from the Gaussian distribution (with mean
0 cm−1 and selected standard deviation σ). We generated 3
noised train and test sets with s = {0.01, 0.025, 0.1} cm−1.
Then, the DNN was trained on the test set without noise
and were validated on the noised test set. Next, we trained
and validated DNN on the noised train and test sets. The
analysis of the results shows that small changes in the energy
values do not significantly affect the values of the potential par-
ameters determined by the neural network. It also does not sig-
nificantly affect the energy values of the transitions calculated
on the basis of the PEC curve characterised by the determined
potential parameters. These apply to both, a network trained
on a set without noise and tested on the sets with noise, and

a network trained and tested on the noisy sets. Moreover,
the results obtained using the first approach are not signifi-
cantly better than the results obtained using the second
approach (the differences arise from the stochastic nature of
the process).

To test the quality of the adjusted parameters of a PEC, we
determined the spectroscopic ro-vibrational constants from
the adjusted PEC and compared them with experimental
data. Using Equation (4) from [45], we determined the MgF
ro-vibrational spectroscopic constants using the parameters
adjusted by the DPF, brute force, SNN, and DNN methods
(see Table 7). The analysis of the results showed that the par-
ameters determined by each of the methods do not allow the
calculation of the values of the spectroscopic constants with
a very high accuracy. However, the DPF and DNN results
are the closest to the experimental results, which underlines
the quality of the DNN method.

Comparison of the computation time of potential par-
ameters determination using the DPF method and the trained
model shows that method presented in this study is faster than
DPF. On the other hand, it is hard to make a direct comparison
since NNs require a training process (however, training is only
done once). The computational time for potential parameters

Figure 2. (Colour online) Comparison of PEC of the X2S+ ground electronic state in MgF dimer obtained by (a) brute force method, (b) SNN and (c) DNN with the
reference PEC randomly selected from the test set. (d–f) The absolute error between PEC fitted by a given method and the reference PEC.

Table 5. The performance of the DNN in predicting parameters of EMO potential,
trained on the data without noise and evaluated on noised data.

stdb DNN

RMSE test dataa 0.01 3.5 · 10−3

0.025 3.7 · 10−3

0.1 4.1 · 10−3

RMSE ‘unseen’ dataa 0.01 5.5 · 10−3

0.025 5.4 · 10−3

0.1 5.9 · 10−3

aAveraged root mean squared error (see Equation (9)) expressed in cm−1.
bMeasured in cm−1.

Table 6. The performance of the DPF, brute force method and DNN in predicting
parameters of EMO potential, trained and evaluated on noised data.

stdb DNN

RMSE test dataa 0.01 3.7 · 10−3

0.025 5.5 · 10−3

0.1 5.8 · 10−3

RMSE ‘unseen’ dataa 0.01 6.1 · 10−3

0.025 8.1 · 10−3

0.1 6.4 · 10−3

aAveraged root mean squared error (see Equation (9)) expressed in cm−1.
bMeasured in cm−1.
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requires 8 s for DPF, 0.45 s for brute force method, 1 ms for an
SNN and 5 ms for DNN (for one example).

We tested several architectures with different number of
layers to select the one that gives the best performance. The
accuracy (measured by averaged root mean squared error) of
determination of the potential parameters for two-layer NNs
is one order of magnitude smaller than for other architectures
(10−2 vs. 10−3). The accuracy for three-, four- and five-layer
NNs is of the same order of magnitude (10−3) but is slightly
higher than the accuracy for six- and seven-layer NNs. The
high accuracy of determination of the potential parameters is
of key importance, because small differences in parameters
determination may result in significant differences in the accu-
racy of determination of energy from the EMO potential
characterised by these parameters. For example, accuracy of
determining the potential energy by a two-layer NN is 1 orders
of magnitude smaller (100 vs. 10−1) than for NN with six/
seven-layers. A comparison of different architectures perform-
ance as well as training times can be found in Table 8.

Also, we tried to train DNN to find EMO potential with
seven β parameters for MgF molecule as did Hou et al. [34]
to fit such EMO potential to the experimental data. The per-
formance (measured by RMSE) of DNN model predicting
EMO potential with seven β parameters is worse in compari-
son to DNNmodel for finding EMO potential with four β par-
ameters. This may be related to the fact that the subsequent β
parameters have less and less impact on the shape of PEC, i.e.
the value of generated energies. The model pays very little
attention to finding the proper values of these parameters
which lead to a higher difference between predicted and
expected values of these parameters. To confirm our assump-
tion, we check the impact of each of β parameter on the gen-
erated transition energies. We set fixed values for all potential
parameters except one selected β parameter and, using the
computer program described in Section 3.2, we generated
the set of 100 transition energies vectors xfixedi , which form a
matrix Xfixed. Then, we computed the mean standard deviation
(MSD) across the same transitions Xfixed

:,i in the generated
energy vectors in Xfixed. This procedure was repeated for
each β parameters. Result of this test confirms our assumption,
i.e. energy changes measured by MSD are getting smaller for
subsequent β parameters. The difference between b0 and b6

parameters is 5 orders of magnitude. Results are shown in
Figure 3.

Urbańczyk and Koperski [17] showed that the SNNs can be
used to find analytical EMO potential with two or three β par-
ameters. Our tests show that SNN cannot find analytical EMO
potential with four and more β parameters with good accuracy
(see Tables 2 and 4). Even in our case, when De has a fixed
value for all examples in dataset, the performance of our
model is one order of magnitude better than SNN.

The main drawback of this research is that we train our
model only for ground electronic state of one molecule so
we cannot test the performance of our model on totally
‘unseen’ data, e.g. for a new molecule. To overcome this limit-
ation the presented method can be generalised to molecules for
which the previous fitting is not available. Such a generalis-
ation can be achieved by training NN for a given set of dimers
from a specific group for which we know the fit (ranges of
potential parameters). The dimer group that we use to train
NN is defined by the dimer for which we do not know the
fit (e.g. if we wanted to determine the potential parameters
for CdNe, we would train NN for the remaining cadmium
noble gas complexes for which we know the fit [47]). However,
test on data simulating the ‘unseen’ data gives a very good
agreement with the expected potential parameters. Besides,
the purpose of this study was primarily to check whether

Table 7. Comparison of spectroscopic ro-vibrational constants determined from the PEC obtained by DPF, brute force (BF), SNN and DNN with literature values.

Spectr. constanta DPF BF SNN DNN Experimentalb

ve 718.16 716.82 717.94 718.04 721.6
vexe 3.73 3.68 3.73 3.73 4.9
veye 2.59 · 10−3 2.09 · 10−3 2.70 · 10−3 2.66 · 10−3 −−
ae 3.92 · 10−3 3.91 · 10−3 3.92 · 10−3 3.91 · 10−3 4.70 · 10−3

ge 5.70 · 10−8 4.86 · 10−7 2.17 · 10−7 1.25 · 10−7 −−
aExpressed in cm−1.bExperimental data obtained from [46].

Table 8. Comparison of DNN prediction accuracy for test data and training time depending on number of layers.

Number of layers 2 3 4 5 6 7

Potential parametersa 2.1 · 10−2 5.4 · 10−3 4.0 · 10−3 3.7 · 10−3 3.3 · 10−3 3.2 · 10−3

Ro-vibrational energiesa,b 1.6 1.3 3.9 · 10−1 3.8 · 10−1 3.4 · 10−1 3.2 · 10−1

Training timec 1182 1266 1358 1333 1573 1503
aMeasured by averaged root mean squared error (see Equation (9) or (10)).bExpressed in cm−1.cExpressed in seconds.

Figure 3. (Colour online) Impact of β parameters of PEC on the change of ener-
gies of transitions between different ro-vibrational levels of the ground state in
MgF. The impact was measured for 100 vectors of transition energies. See Section
5 for details.
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DNN can be used to solve the problem of finding parameters
of the analytical PEC of diatomic molecule.

6. Conclusions

We presented a new, alternative method that employs a fully
connected feedforward deep neural network to determine par-
ameters of the analytical PEC of MgF molecule based on the
transition energies Eexpt(y′ ,J′)�(y′′,J′′) between different ro-
vibrational levels of the X2S+ ground electronic state that
was reported by Barber et al. in the infrared emission spectrum
[18]. The goal was to investigate if DNN can be used to find
parameters of expanded Morse oscillator (EMO) potential
function simulating the ro-vibrational energy structure. It
was shown that deep learning can be successfully used to deter-
mine the analytical representation of the potential of diatomic
molecules. Results of the tests that were carried out show that
the predicted potential parameters as well as transition ener-
gies generated for these potential parameters are in very
good agreement with the expected potential parameters and
transition energies for both artificial and experimental data.
The performance of DNN model is one order of magnitude
better than for the brute force method and SNN. PEC pre-
dicted in our model results in transition energies that are in
very good agreement with experimental data. The results
obtained with our method are slightly poorer than the results
obtained with the DPF method, which we treated as the refer-
ence method. Nevertheless, the obtained accuracy of determi-
nation of the potential energy curve is considerably high
(below 1 cm−1). Thus, the obtained results allow us to think
about extending the current approach to the pointwise poten-
tials, which could be an alternative method to the inverse
potential approach (IPA) methodology. In the case of point-
wise potentials, NNs can show their advantage over traditional
methods where the potential has more than a single minimum.
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