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Abstract
The equations of motion in the transition layer of a free-electron laser of the relativistic
strophotron type are studied. Two types of strophotrons are considered: electric and magnetic. It
is shown, that the condition of a suddenly switching-on interaction: smallness of the transition
layer at the entrance compared to the distance traveled by the electron in longitudinal direction
in one period of transverse oscillations in strophotron is realistic and feasible.
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1. Introduction

Free electron lasers (FELs) [1–4] use the kinetic energy of
relativistic electrons moving through a spatially modulated
wiggler magnetic field, producing coherent radiation. The
radiation frequency is determined by the energy of the elec-
trons, the spatial period, and the magnetic field strength of
the wiggler. This makes it possible to tune the FEL over a
wide range, in contrast to atomic or molecular lasers. There
are numerous publications devoted to FELs on undulators and
strophotrons (see [1–13] and references therein).

Originally the name ‘strophotron’ had been used [14, 15]
for a nonrelativistic device with electrons injected and oscillat-
ing along the coordinate x axis, the oscillations arising under
the action of a constant electric field with a scalar potential
Φ parabolically depending on coordinate x. The electron drift
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along the z axis has been provided by the y component of the
same electric field and by a constant homogeneous magnetic
field B||Ox.

In the relativistic strophotron [6–13], a relativistic electron
beam is supposed to be injected at the (x,z) plane under some
small angle α << 1 to the z axis. As the motion along the z
axis is the main motion of the electron beam itself in this case,
there is no need in the y component of the electric field and in
the magnetic field B||Ox. In accordance with [6], we will con-
sider here a relativistic electron beam moving in the potential
‘trough’ produced by electric or magnetic quadrupole lenses.
The corresponding static potentials are supposed to depend
parabolically on coordinate x and to be independent on y
and z.

In the present article, we study equations of motion
in the transition layer of a free-electron laser of the
relativistic strophotron type. The analysis was carried out
for two implementations of the strophotron: electric and
magnetic.
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2. Equations of motion. Electric field strophotron

Let the scalar potential Φ(x) have the form Φ(x) = Φ0(x/d)2

where Φ0 and 2 d are the height and the width of the potential
‘trough.’ The equations of electron motion are

dpx
dt

=−2eΦ0

d2
x,

dpz
dt

= 0 (1)

where px,z are the components of the electron momentum
along the x and z axes.

In accordance with the second equation (l), the longitud-
inal momentum and energy are conserved: pz = const, εz =(
p2z +m2

)1/2
= const (we use the system of units in which

c = 1). The first equation (1) can be transformed into an
equation for the transversal coordinate:

ẍ+ xΩ2
(
1− ẋ2

)3/2
= 0, Ω2 =

2eΦ0

εzd2
. (2)

If |ẋ|<< 1, equation (1) for x(t) turns into the equation of
a harmonic oscillator having the solution

x(t) = x0cosΩt+
ẋ0
Ω
sinΩt (3)

where x0 and ẋ0 ≈ α are the initial transversal coordinate
and speed of the electron. The condition |ẋ|<< 1 is satis-
fied if |α|<< 1 and |x0|Ω<< 1= 2π |x0|/λ0 << 1 where
λ0 = 2πc/Ω is the spatial period (along the z axis) of trans-
versal oscillations of the electron. These conditions and the
solution (3) will be referred to later as the ‘harmonic approx-
imation.’

Although pz = const, the longitudinal speed u, depends on
time t because the total kinetic energy εkin ≠ const. Under the
condition |ẋ|<< 1,

vz ≡ ż= pz/εkin ≈
pz
εz

(
1− ẋ2

2

)
(4)

where

pz
εz

= const=
ż0(

1− ẋ20
)1/2

ż0 = v0cosα≈ 1− 1
2γ2

− α2

2
(5)

where v0 is the total initial electron speed, γ = ε0/mc2 >> 1
is the relativistic factor, and ε0 is the initial electron kinetic
energy.

Under the condition |ẋ|<< 1, the anharmonicity of
equation (2) (∝ ẋ2) is small and can be ignored responsibly
for small corrections only. On the other hand, the small correc-
tion to vz (equation (4)), proportional to ẋ2, may not be ignored
because the coordinate z appears often in the combination z− t
(see below) in which the main term of expansion (4) almost
completely cancels.

Equations (3) and (4) immediately yield

z(t) = ż0

{(
1+

α2 + x20Ω
2

4

)
t

+
α2 + x20Ω

2

8Ω
[sin(2Ωt+φ0)− sinφ0]

}
≈ t+

{
−
(

1
2γ2

+
α2 + x20Ω

2

4

)
t

+
α2 + x20Ω

2

8Ω
[sin(2Ωt+φ0)− sinφ0]

}
(6)

where φ0 = const.

sinφ0 =
2x0Ωα

α2 + x20Ω
2
, cosφ0 =−α2 − x20Ω

2

α2 + x20Ω
2
. (7)

In the harmonic approximation (3), the amplitude of
the transverse oscillations of an electron is equal to a=
(x02 +α2/Ω2)1/2. The transverse kinetic energy is defined as

ε⊥kin(t) = ε− εz =
√

εz2 + px2 − εz ≈
px2

2εz
≈ 1

2
εvx

2. (8)

In a static potential Φ(x), an electron also has a transverse
potential energy

ε⊥pot(t) = eΦ0 =
1
2
εx2Ω2. (9)

In the harmonic approximation (3), the total transverse
energy is conserved (as well as εz):

ε⊥ ≡ ε⊥kin + ε⊥pot(t) =
ε

2
(α2 + x0

2Ω2) = const. (10)

Solutions (3)–(10) correspond to the assumption of a sud-
denly switching-on interaction, which is justified if ∆t<<
2π/Ω, where∆t is the turn-on time or the electron transit time
of the transition layer ∆L= c∆t. The condition ∆tΩ<< 2π
can be written as ∆L<< λ0. This inequality is satisfied, for
example,∆L∼ 2− 3 cm and λ0 ∼ 10 cm.

Under the assumption of a suddenly switching-on inter-
action, the transverse energy of the electron at the moment
t = 0 undergoes a jump by ε⊥ = 1

2εx0
2Ω2. However, the total

energy ε is conserved, because at the same moment t = 0,
the longitudinal energy εz of the electron has a jump equal to
∆εz =− 1

2εx0
2Ω2.

Indeed, let for definiteness in the transition layer ∆L, 0 ⩽
z⩽ ∆L the potential is characterized by a linear dependence
on z

Φ(x,z) = Φ0
x2z
d2∆L

. (11)

In the classical consideration, the equations of motion of an
electron in a transition layer have the form

dpx
dt

=− 2eΦ0

d2∆L
xz;

dpz
dt

=− eΦ0

d2∆L
x2. (12)

2
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The approximation of the suddenly switching on of the
interaction corresponds to the passage to the limit ∆L−> 0.
At the same time, due to the limitation 0 ⩽ z⩽ ∆L, z−> 0
and∆t−> 0 also. Replacing the differentials in equation (12)
dpx,z with finite (but small) increments ∆px,z, we find

∆px =− 2eΦ0

d2∆L
x0 z∆t; ∆pz =− eΦ0

d2∆L
x2∆t. (13)

This implies, that in the limit ∆L−> 0, ∆px−> 0
( z∆t
∆L ≈ z⩽∆L−> 0)
and

∆pz−>−eΦ0

d2
x0

2 =−1
2
εx0

2Ω2. (14)

Due to the relativistic nature of the motion along the Oz
axis, ∆pz ≈∆εz, which confirms the above statement about
the presence of a jump in εz in the limit of suddenly switching-
on interaction.

Of course |∆εz|<< εz, and this jump does not change the
angle α of entry (its change ∼ αx02Ω2 << α.

It should be noted that there are no jumps at x0 = 0. This
means, that the jumps are maximal for the most peripheral
electrons in their transverse distribution in the incident beam.

The magnitude of the energy jumps with respect to the
total initial energy of the electron for some real parameters of
beams and strophotrons is estimated and is an order of percent
((∼ x02Ω2)).

The impact of spread of transverse coordinate x0 on the
radiation, if such a strophotron is used as an FEL was done
in [6].

3. Equations of motion. Magnetic field strophotron

Let the vector potential A ∥ Oz be equal to Ax =−A0(x2/d2).
The corresponding magnetic field H ∥ Oy is given by H(x) =
2A0x/d2. The equations of motion of the electron have the
form

dpx
dt

=−2eA0

d2
xvz,

dpz
dt

=
2eA0

d2
xvx. (15)

In this case, the total energy of the electron is constant ε=√
p2x + p2y +m2 = const. Equation (15) can be reduced to the

form of equations for the coordinates x,z because p= εv

ẍ≡ v̇x =−2eA0

εd2
xż, z̈≡ v̇z =

2eA0

εd2
xẋ. (16)

The second equation (16) is immediately integrated to give

ż=
eA0

εd2
(
x2 − x20

)
+ v0cosα≡ Ω2

2

(
x2 − x20

)
+ v0cosα (17)

where Ω=
(
2eΦ0/εd

2)1/2.

Substituting ż (equation (17)) in the first equation (16), we
find the nonlinear equation for x(t):

ẍ+ xΩ2

(
v0cosα+

1
2
Ω2

(
x2 − x20

))
= 0. (18)

Equation (18) differs from the corresponding equation (2)
in the electric field. But in equation (18), again the anharmon-
icity is small if α << 1, |x0|Ω<< 1. In the harmonic approx-
imation equation, equation (18) has the same solution (3)
as (2). The longitudinal speed and coordinate can be eas-
ily found in the harmonic approximation from equations (3)
and (17), and they can be shown to be given by the previ-
ous expression (6). Hence, although the equations of motion
of the electron in the electric and magnetic fields (1) and (15)
do not coincide, their solutions in the harmonic approximation
ẋ<< 1 do coincide. This is the reason why both spontaneous
and stimulated emission in the strophotron do not depend on
the kind of the field (electric or magnetic) creating a potential
‘trough’ for electrons.

In contrast to the case of an electric field in a magnetic stro-
photron, both the longitudinal and transverse energies of an
electron are continuous. That is, they do not have a jump at
t = 0 even in the approximation of a suddenly switching on
of the interaction. This is easy to verify. If, similarly to the
case of an electric field, we set the vector potential A⃗ In the
transitional layer ∆L, 0 ⩽ z⩽ ∆L, in the form

Az(x,z) =−A0
x2z

d2∆L
. (19)

The equations of motion in a thick layer∆L take the form

dpx
dt

=− 2eA0

d2∆L
xzvz;

dpz
dt

=
eA0

d2∆L
xzvx (20)

whence it follows that in the limit ∆L−> 0, ∆pz−>
0 ( z∆t

∆L ≈ z⩽∆L−> 0), and respectively ∆εx−> 0 and
∆εz−> 0.

Inside the strophotron, the transverse energy is determined
by an expression similar to equation (8)

ε⊥kin = ε−
√
pz2 +m2 = ε−

√
ε2 − px2 ≈

1
2
εvx

2 ̸= const.

ε⊥ depends on time t and ε⊥(t= 0) = 1
2εα

2. In the har-
monic approximation, in addition to the total energy ε= const,
there is one more integral of motion, which is given by the sum

ε⊥eff = ε⊥ +
1
2
εΩ2x2 =

1
2
ε(α2 +Ω2x0

2) = const. (21)

In the quantum mechanical description [7], this sum plays
the role of the effective transverse energy, which has an eigen-
value l ℏΩ, where l is an integer. Therefore, for the sum (21)
the notation ε⊥eff is used. It should be noted, that ε⊥eff does not
coincide with the true transverse energy and therefore should
not be surprising that ε⊥eff ̸= ε⊥(t= 0) = 1

2εα
2 [6].

3
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4. Conclusion

It is shown, that in an electric strophotron, under the
assumption of a suddenly switching-on interaction, the trans-
verse energy of an electron at the moment t = 0 under-
goes a jump by ε⊥ = 1

2εx0
2Ω2. However, the total energy

is conserved, because at the same moment t = 0, the
longitudinal energy of the electron has a jump equal to
∆εz =− 1

2εx0
2Ω2.

In contrast to the case of an electric field in a magnetic stro-
photron, both the longitudinal and transverse energies of an
electron are continuous. That is, they do not have a jump at
t = 0 even in the approximation of a sudden switching on of
interaction.

Solutions (3)–(10) correspond to the assumption about the
suddenly switching-on interaction, which is justified if∆t<<
2π/Ω, where∆t is the turn-on time or the electron transit time
of the transition layer∆L= c∆t. The condition for the applic-
ability of a suddenly switching-on interaction ∆tΩ<< 2π
can be written as ∆L<< λ0. This is the smallness condi-
tion of transition layer at the entrance compared to the dis-
tance traveled by an electron in longitudinal direction in one
period of transverse oscillations This inequality is satisfied.,
for example,∆L∼ 2− 3 cm and λ0 ∼ 10 cm.
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